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Abstract 

We review a class of matrix models whose degrees of freedom are matrices with 
(— I \ anticommuting elements. We discuss the properties of the adjoint fermion one-, two- and 

gauge invariant L'-dimensional matrix models at large- and compare them with their 
bosonic counterparts which are the more familiar Hermitian matrix models. We derive 
^ . and solve the complete sets of loop equations for the correlators of these models and 

^ I use these equations to examine critical behaviour. The topological large-A^ expansions 

are also constructed and their relation to other aspects of modern string theory such as 
integrable hierarchies is discussed. We use these connections to discuss the applications 
of these matrix models to string theory and induced gauge theories. We argue that as 
such the fermionic matrix models may provide a novel generalization of the discretized 
random surface representation of quantum gravity in which the genus sum alternates 
and the sums over genera for correlators have better convergence properties than their 
Hermitian counterparts. We discuss the use of adjoint fermions instead of adjoint scalars 
to study induced gauge theories. We also discuss two classes of dimensionally reduced 
models, a fermionic vector model and a supersymmetric matrix model, and discuss their 
applications to the branched polymer phase of string theories in target space dimensions 
D > \ and also to the meander problem. 
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1 Introduction: From Hermitian to Fermionic Random 



Matrix Models 



In this Paper we shall review the theory and applications of random matrix models whose 
matrices have anticommuting elements. Typically, these models possess a U{N) symmetry 
and the matrices transform under the adjoint representation of the symmetry group. They can 
be analyzed, and often solved, in the limit of large where they have an interesting and non- 
trivial structure. Uses of these models ranges from attempts to formulate dynamical random 
surface theories with alternating genus sums to the solution of combinatorial problems such 
as the meander problem which we shall review, to lattice gauge theories and the formulation 
of models of induced gauge theory. 

Fermionic matrix models have several features which distinguish them from the more fa- 
miliar bosonic Hermitian matrix models. They are not eigenvalue models in the sense that 
matrices with anticommuting elements cannot be diagonalized by unitary transformations. 
They can nevertheless often be analyzed by methods similar to those used for Hermitian 
matrix models, such as the method of loop equations. Furthermore, the integration over an- 
ticummuting numbers is straightforward and is often more convergent than ordinary integrals 
over commuting variables. In perturbation theory, this improved convergence is seen as the 
result of an alternating perturbation series. 

To help motivate the study of fermionic matrix models, we first present a brief overview 
of the techniques which are used to study the large limit of the standard Hermitian matrix 
models. 



1.1 Hermitian Matrix Models, String Theory and Induced Gauge 
Theories 

For completeness, and so that we can later compare techniques for solving Hermitian and 
fermionic matrix models, we begin this Section with a brief review of some of the technical 
aspects of solving random Hermitian matrix models in the large-A^ limit. We also discuss 
some of their uses, particularly in lower dimensional quantum gravity, string theory and 
lattice gauge theories. A more detailed discussion of the material can also be found in many 
other reviews that will be cited as we proceed. For a particularly lucid discussion, see . 



1.1.1 One-matrix Models 

A Hermitian one-matrix model is defined as a statistical theory of Hermitian matrices with 
partition function 

Z = Jd(l) e-^ (1.1) 
where V{X) is a smooth potential and 

N 

d(j)=Y[ d4>kk n ^ ^ij ^ (1-2) 

k=l i<j 



is the integration measure on the space of N x N Hermitian matrices {d(f)ij is always under- 
stood as an ordinary Riemann-Lebesgue measure), i.e. the Haar measure on the Lie algebra 
Herm(A^). This model is invariant under the adjoint action of the unitary group U{N), 

(f) U(j)U^ , U G U{N) (1.3) 

which restricts the observables to those which are invariant functions of 0. The free energy 
logZ can be expanded in a power series in the parameter The leading term is of order 
iV^ and occurs in the infinite- limit. Each order in this expansion can be represented as an 
infinite series of "fat-graphs" with the topological property that all graphs of a given order 
can be drawn without crossing lines of the graphs on a two-dimensional surface of particular 
genus - the graphs with genus g contribute the term of order iV^~^^. The leading term is the 
sum of genus zero (or planar) graphs, i.e. those which can be drawn on a plane or the surface 
of a sphere. 

In this and several more elaborate Hermitian matrix models, the planar and higher genus 
graphs can be summed explicitly. These Hermitian matrix models can be thought of as 
examples of a D = quantum field theory where the topological large- expansion which 
was originally proposed by 'tHooft for quantum chromodynamics (QCD) ||129|| is explicitly 



solvable [^, In QCD and in Yang-Mills theory, this expansion is intractable, except in (1 
+ 1) dimensions where Yang-Mills theory and QCD with fundamental representation matter 
are solvable. 

The main applications of Hermitian matrix models are as non-perturbative approaches 
to low-dimensional string theory where the large- expansion of the matrix model coincides 
with the genus expansion ||2^, ^ of the string partition function. For instance, for a 
polynomial potential of the form 

V{<P) = 1<P' + j^<P'' (1.4) 

the perturbative expansion of (|1.1|) in the coupling g in terms of fat-graphs coincides with 
the formal sum over discretizations by regular i^-gons of 2-dimensional compact Riemann 
surfaces. The fattening of lines in the Feynman graphs represents the 2 indices that a matrix 
has. In this interpretation, the Gaussian 0^ term in (|1.4|) represents the free boson term 
(with unit mass m? = 1) for the non-kinematical quantum field theory (|1.1|) which gives the 
propagator of the (fat) Feynman graphs, 

(27r)-^'/2 J ^..^^^^-N tr ^ (1.5) 

The (j)^ interaction term produces i^-valence vertices. 

Diagrammatically, the partition function (|1 . 1| ) is the sum over all possible connected and 
disconnected Feynman diagrams constructed by linking the propagators (|1.5|) and K-point 
vertices together in an orientation-preserving way. This is just the usual Wick expansion in 
quantum field theory. The Wick contractions between matrices, as in (p..5|), assign a product 
of 2 delta-functions, one for the inner 2 indices of a matrix pair and one for the outer ones. The 
connected diagrams, divided by the appropriate symmetry factors for topologically equivalent 
graphs, are obtained by expanding the free energy log Z. This gives the fat-graph expansion 

io,z^^L^L_ (1,) 
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where the sum is over all fat-graphs T with v vertices, e propagators and / index loops, and 
[(^(JF)! is the order of the symmetry group of T (the group of permutations of the vertices 
of T\ The connected diagrams generate a 2-dimensional lattice whose dual lattice is a dis- 
cretization of a Riemann surface by regular polygons. This dual lattice of regular polygons is 
constructed by associating polygon faces with i^'-point vertices, sides with propagators, and 
polygon vertices with closed loops. The number v — e^l appearing in ( |1.6| ) is then the Euler 
characteristic of the Riemann surface. A smooth Riemann surface is well approximated by its 
polygonization when the number of polygons is large and the area of each polygon is infinites- 
imal. General polynomial potentials would allow a variety of polygons in the polygonization 
of the Riemann surface. If the area of each polygon is taken as one, the statistical sum in 
(|1.6| ) is a statistical sum over connected Riemann surfaces where each term in the sum is dual 
to a Feynman graph. 

Note that the sign in front of the factor of in ( |1 . 1| ) is taken to be negative to ensure the 
convergence of the Gaussian statistical model ((/ = in ( |1.4| )) and hence all Feynman graphs. 
However, the sum over Riemann surfaces in ( |1.6| ) has positive weights only when ^ < 0. For 
these values of ^, the integration over Hermitian matrices in ( |l.lj ) diverges. It turns out that 
one can make sense of it only when is infinite. 

The corresponding discretized surface model (|1.6| ) is associated with the (Euclidean) sta- 
tistical ensemble of random surfaces with partition function 



oo 



where the action is the Einstein-Hilbert action for pure gravity with cosmological term. Here 
the functional integration is over all metrics g^u{x) on the 2-surface T!^ with h 'handles', A 
is the cosmological constant (or string tension) which multiplies the area A{YP] g) = Jj.h ^ 
of S'^, and G is the gravitational constant which multiplies the topological scalar curvature 
term 

Xih) = J^^ v^i?(^?)/47r = 2-2/1 (1.8) 

with x{h) the Euler characteristic of S^. This statistical model can be regarded as a D = 
dimensional string theory, i.e. a pure theory of surfaces with no coupling to additional matter 
degrees of freedom on the string world-sheet or the propagation of strings in a non-existent 
embedding space. 



The fat-graph expansion (|1.6| ) of the Hermitian matrix model ( |1.1|) represents a discretized 



version of the continuum quantum gravity model (|1 . 7| ) . This latticized model is the dynami 



cally triangulated random surface theory |T3|, |76| 



h=0 



where the second sum in ( |1.9| ) is over all possible triangulations at fixed genus h and N'{Th) 
is the dynamical variable which counts the number of triangles in (so that A plays the role 
here of a chemical potential). The dual lattice formed by the fat graphs of the matrix model 
represents the triangulation of the surface. The propagator ( p.. 51 ) produces a factor of A^2-2/i 
in the free energy ( |l.(j| ) associated with a graph of genus h |129| . The coupling constants of 
( [T^ ) are therefore related to those in (|rT]),(|g) by 



N = e^~^ , g = -e-'^ (1.10) 
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It is also possible to couple matter in ( |1.9| ) (represented by more complicated potentials 
in ( |1.1| )) by including matter fields Xi at each vertex i of the dual triangulation lattice J-' (of 
fixed coordination number), adding appropriate interaction terms between nearest neighbour 
vertices to the action in ( p,.9| ) and summing over all of the Xi. For instance, to couple the 
Ising model to 2-dimensional quantum gravity we can replace the weight in ( |1.9| ) by the Ising 
spin partition function 

ZjiP;n)= e^^(-)^^^'^^' (1.11) 

The large- iV limit of the Hermitian matrix model exhibits phase transitions which correspond 



to the continuum limits of the discretized random surface theories ||2^, |5^, |38|, ^ . 

Normally, Hermitian 1-matrix models are treated as statistical theories of the eigenvalues of 
the Hermitian matrices EH] and their partition function and correlators are computable in the 



large- limit using techniques such as loop equations ||T3, RBI, 173] or orthogonal polynomials 



2D[ . This is accomplished by diagonalizing the Hermitian matrices in ( p. .11 ) . The measure can 



be written as 



TV 

dcj) = [dU] l[d\i A^(A) (1.12) 

1=1 

where [dU] is the Haar measure for integration over the unitary transformations (|1.3| ) which 
diagonalize 0, Aj are the eigenvalues of (j) and the Vandermonde determinant. 



A(A) = detUr'] = IT (^i - ^y) = e^><^ '°*^^^'"^^^ (1.13) 
is the Jacobian. The partition function (up to an irrelevant overall numerical factor) is 

[dU] / \{d\A\\)e-''^^=-^^''^^ (1.14) 



i=l 



m = 4\'r.tN+[y, n dU., 6 U^kUl - 5., j (1.15) 



The Haar measure for integration on the group U (N) of unitary matrices 

is normalized {J[dU] = 1) and has the symmetries 

J [dU] F{U^) = J [dU] F{U) , j [dU] F(yU) = J [dU] F{U) = J [dU] F{UV) (1.16) 
for any V G U{N). These imply that some of its lower order moments are 

[dU] U,j = , / [dU] Ui.Ul = 6uSjk (1.17) 



;i.i8) 



[dU] UijUmnUlgU^g — {Sie6jkSmqSnp + ^iq^ jp^mi^nk) 



1 



p^^^2 ]J {^jk^e-m^np^qi + ^jp^gm^nk^li) 
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If the group were SU{N) rather than U{N), there is an aditional identity which follows from 
invariance of the determinant, 

J [dU] Ui^jJJi^j^ ■ ■ ■ Ui^j^ = c ■ ^i^i2—iN^jii2—jN (I-IS) 

where c is a constant. Similar expressions can be obtained for the higher-order correlators of 
the Haar measure. 

Since the integration over unitary matrices in ( |1.14| ) decouples, the effective statistical 
theory of eigenvalues involves an action of order A^^ describing degrees of freedom. This 
makes the model (formally) an exactly-solvable one in the N oo limit. In particular, in this 
limit it can be evaluated by the saddle-point approximation. The Vandermonde determinant 
in ( |1.14| ) acts as a hard-core repulsive term in the action which prevents its minimum from 
being simply the minimum of the potential. The stationary condition for the effective action 
in ( |1.14D leads to the saddle-point equation 

m) = ^Ei-^ ' ^ = i'---'^ (1-20) 

j<i " 

and the lowest-order contribution to ( |1 . 1| ) (i.e. the number of planar fat-graphs), which dom- 
inates for ^ oo, is obtained by substituting into (|1.14|) the saddle-point value determined 



by ( |1.20|) . The common way to study the large- limit is to introduce the normalized spectral 
density of eigenvalues 



1 ^ 



pW = 1^E^(^-^^) ' ^elR (1.21) 

which for finite- A^ is supported at the discrete points Ai, . . . , Aat. We can then represent all 
summations above as integrations over A G IR using (|1.21|) . To treat the large- A^ limit, we 



order the eigenvalues so that Ai < A2 < . . . < A^r and introduce a non- decreasing different iable 
function A(x) of x G [0, 1] with Aj = NX{i/N) for i = 1, . . . ,N. We then regard the continuous 
function p(A) = -^j^ as the formal large- A^ limit of (|1.21|) . The positive quantity Np{\)dX is 
the number of eigenvalues in a range dX about A, and it is supported on some finite intervals 
[ai,bi] C IR. The saddle-point equation (|1.20|) then becomes 



V'{X) = 2-f da (1.22) 
J X — a 

and the large- A^ saddle-point free energy is 

lim —— log Z = —[ da p{a)V (a) + (4- da d(3 p{a)p{(3)\og\a — (3\ (1-23) 
A^^oo A/ ^ J J J 

where p{a) is the solution of ( |1.22| ). Note that ( p..22| ) now also follows from the functional 
variation of ( |1.23| ) with respect to the spectral density p{a). 

To solve ( |1.22|) for the eigenvalue distribution p(a), we introduce its Hilbert transform 



^i-^)^{~},-^Y.Z^-l<^-^, . (1.24) 



N z — (j) I N ~^ z — Xi J z — a 



and note that the saddle-point equation (|1.22|) is the real part of the discontinuity of the 
function u{z) across the support of p, i.e. 

uj{X±iO) = V'{X)/2TiT^pW , AGsuppp (1.25) 
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In ( |1.24| ), (■) denotes the normalized average with respect to the matrix ensemble ( |1 . 1| ) , 



-N tr y{0) 



;i.26) 



and the function ( |1.24 ) is the generating function, via its ^-expansion, for the correlators 

can be thought of 



tr 
N 



") of the Hermitian matrix model. For s G IR , the quantity 



tr 
N 



as an operator which creates a loop of length s on the surface |]73|, and the potential V{z) is 
a source for the inverse Laplace transform of ( |1.24} ), 



O+ioo rj 2^ 

— V{zMz) 
o-«oo Zm 



;i.27) 



This method of determining the solutions to the saddle-point equation by solving an equation 
via the analytic properties of a function such as (|1.24| ) is known as the Riemann-Hilbert 
method. Alternatively, one can derive explicitly an equation for uj{z) by multiplying (|1.20 ) 
by Tr^T- and summing over i = 1, . . . , N. This leads to 



uj{zf + uj\z)/N - V\z)oj{z) = / da p{a) 



V'(z) - V'(a) 



a — z 



;i.28) 



where the right-hand side of ( |1.28| ) is a polynomial of degree K — 2 when the potential V^(A) 
is a polynomial of degree K. 

The saddle-point technique relies heavily on the facts that (a) the matrix model has a 
finite large-A^ limit, or equivalently a finite contribution from planar (genus 0) diagrams to 
the free energy, and (b) the matrices are diagonalizable. Another way to arrive at the 
equation ( |1.28| ) is to exploit the invariance of the partition function ( |1 . 1| ) under arbitrary 
changes — > /(0) of the Hermitian matrix variables. The resulting equations represent the 
full set of Schwinger-Dyson equations of motion for the non-kinematical field theory ( |1 . 1|) . 
They are obtained by performing a shift of the matrix variables by an infinitesimal loop of 



length k G !^ , i.e. the change of variables 



+ £0'^ in the matrix integral { \L . 1| ) , where e 



is an infinitesimal real number. This leads to the identity 



k-i 

E 



tr 

w 



tr 



tr 



0V(0) 



1.29) 



Multiplying (|]2|) by l/z''+^ and summing over all k G 'Mi'^ then leads to the loop equation 
(|1.28| ), which represents the full set of equations of motion of the model because ( 1.24 ) contains 
a complete set of operators. In fact, this equation could also have been obtained from the 
shift 

^- (1.30) 



+ 



under which the invariance of ( |1 . 1|) leads to the matrix identity 




-TV tr V{<p) 



;i.3i) 



After expanding the terms in ( |1.31| ) into averages and summing over a\\ i = k and j = I, we 
arrive at the loop equation ( |1.28| ). However, if the potential V in ( |1.31| ) is not bounded from 
below, then the integration by parts on the right-hand side of ( p.. 31] ) gives infinite contributions 



8 



from boundary terms at infinity and is not formally zero. This derivation of the loop equations 
is appealing because it does not explicitly involve the eigenvalue distribution of the model. 

As an example, consider the simplest case of the Gaussian model where V{(j)) = rn^'cjP' /2. 
The loop equation (|1.28|) at = cxd then leads to a quadratic equation for uj{z) whose solution 
is 

u{z) = - {rr?z - ^/m^z"^ - Am?) (1.32) 

where the branch of the square root is chosen so that uj{z) ~ I/2; at \z\ ^00 which follows 
from the definition (|1.24|) and the normalization condition / dX p(A) = 1. Computing the 
discontinuities of (|1.32|) across its branch cuts leads to the well-known Wigner semi-circle 
distribution for the eigenvalues of 0, 



P(A) 



m 



TT 



;i.33) 



_2_ _2_^ 



which has support on the interval (— - 

Generally, the Wilson loop average (^e'*''^) yields a weighted superposition of loops of 
different length on the surface and it has the same behaviour in the continuum as the correlator 
(^0*). The resolvent function uj{z) is the inverse Laplace transform of the Wilson loop (see 

W{s) = (-^ = - / — e''uj{z) (1.34) 

/ Jc 271% 



N 



where the contour C encircles the singularities of oj{z) with counterclockwise orientation. The 
loop equation (|1.28 ) at = 00 can then also be written as [74| 



V'{d,)W{s) = ^^ fdt W{t)W{t 
A JO 



(1.35) 



where the right-hand side of ( |1.35| ) can be interpreted as the operation of gluing 2 boundary 
loops together [|7^]. ( |1.35| ) is very similar to a simplified (zero-dimensional) version of the 



Makeenko-Migdal equations for the Wilson loop functionals in multi-colour QCD ||107| . 

In the large- A^ limit the branch cut singularities of the solution uj{z) to the quadratic 
equation (|1.28|) determine the spectral density p(A). There will be regions in general in 
coupling constant space where the analytic features of the continuous function p change (e.g. 
it becomes negative and acquires multiple branch cuts) p5| , |38[| . For a discretization potential 
(|1.4| ), the area, or number of ii"-point vertices f , appears in the free energy F as the power 
g'" , and so the average area of each diagram is {v) ~ dglogF. These singular points of the 
free energy therefore describe critical behaviours in the random matrix models at which the 
areas of the individual discretization polygons become infinite |^, As g then approaches 
its critical value cjc-, the areas of the individual polygons may be rescaled to zero giving a 
continuum surface with finite area. This is precisely what is needed to define continuum 
surfaces, in that one tunes the coupling g to the point where the perturbation series for ( |1 . 1| ) 
diverges and the integral becomes dominated by 'tHooft diagrams with infinite numbers of 
vertices. A phase transition for A — Ac at D = is indeed possible - it is a third order Gross- 
Witten type phase transition and it occurs for A^ — 00 when the number of degrees of 
freedom becomes infinite. The continuum limit is therefore reached as A^ — > 00 and A — >■ Ac 
where the discrete partition function ( p.. 91 ) approaches the physical continuum one ( |1.7| ). The 
singularities in the coupling constants in this case occur at points where some of the zeroes 
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of the singular parts of uj{z) (i.e. the zeroes of p(a)) coalesce with an endpoint of its branch 
cuts p8|. These divergences arise because of the entropy factor (number of graphs) in 



whereas for A large enough {g small) the sum over triangulations in ( |1.9| ) converges. 

One prediction of the continuum Liouville field theory approach to non-critical string 

38|, |112|| for reviews) is the occurence of 



theory and quantum gravity ||122| , p3| , p3| , ^ (see 
a critical string exponent 7str, which is defined in terms of the area dependence of the free 
energy for surfaces of fixed large area A as 



logZstr(A) ~ A(7.t.-2)x(^»)/2- 



:i.36) 



If we couple 2-dimensional gravity to conformal field theory, in particular the unitary discrete 
series which are labelled by an integer m > 2 (see ||61| for a review) and the central charge 



D = 1 



6 



m(m + 1 J 



;i.37) 



then the continuum Liouville theory prediction for the critical exponent 7str is 

1 



7str 



12 



D 



{D-l){D-25) 



1 

m 



(1.38) 



The constant 7str is universal and it represents the nature of the geometry. If we think of the 
gravity-coupled conformal field theory as a string theory where the conformal matter fields are 
identified as the string embedding functions and the 2-dimensional space-time is thought of as 
the string world-sheet ||122|| , then the central charge (|1.37|) represents the (fractal) dimension 
of the embedding space. The case m = 2 corresponds to -D = 0, i.e. 7str = — | for pure 
gravity. The case m = 3 corresponds to D = |, i.e. 7str = — | for a half-boson or fermion, or 
equivalently for the conformal field theory of the 2-dimensional critical Ising model coupled 
to gravity (for which the continuum limit is also associated with the magnetization transition 
of the ordinary Ising model). As (|1.38| ) ceases to make sense for D > 1, there is a "conformal 
barrier" in the model aX D = 1 (which corresponds to the conformal field theory of a single 
free boson). 

These features of string theory are all reproduced by the Hermitian one-matrix model 
with polynomial potentials which therefore serve as tools for extracting non-perturbative 
information about string theories, i.e. the one-matrix models can be explicitly solved non- 
perturbatively at each order of the -^-expansion. For instance, for = 3 in (|1.4| ), we can 
consider the "double-scaling limit" |22|, |5^, |65|, |8^ where we take the limits N —>■ oo and 



^ (7c in a correlated fashion so that the renormalized string coupling N{g — (^c)^^"'''""'^^^ 
remains finite. Notice that the area dependence in ( |1.36D is realized in terms of the coupling 
g in the matrix model partition function (c.f. (|1.10|) ), except that in the latter case the 
overall exponent is down by 1 power (c.f. ( |1.34| )) because of the Laplace transformation from 
the area dependence. The limit = cxd by itself corresponds to planar diagrams or genus 
(the spherical approximation), while the higher-genus terms {h > l,x{h) < 0) in the 



N 



expansion are suppressed by for A^ — >• cx) but are enhanced as g ^ (jc- The double scaling 
limit of Hermitian 1-matrix models therefore results in a coherent contribution from all genus 
surfaces and allows the construction of the genus expansion of 2-dimensional quantum gravity 
1]. In terms of the renormalized cosmological constant 



22, 53, 35 



X 



A 



R 



;i.39) 
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it can be shown that the leading singular part, as g Qc, of the specific heat (or string 
susceptibility) 

X(.) ^ (1.40) 



obeys the transcendental Painleve I equation |22, 53, 65, pq 



1 



;i.4i) 



which is also known as the string equation |[T^, |6^ . 

The characteristic property of this second order differential equation is that its only re- 
moveable singularities in the complex plane are double poles which have residue 2 and corre- 
spond to double zeroes of the free energy log Z. Its solutions are determined by 2 boundary 
conditions. The solutions which have an asymptotic expansion for x large (the topological 
expansion) that begins with the leading spherical result x(^) ~ ^I's determined as 



X{x) = 1 - ^ Xfc 



X 



-5k/2 



;i.42) 



k=l 



where Xfc > for large-/c grow asymptotically as {2k)\. The solution for x(x) (or the topolog- 
ical expansion of the free energy) is therefore not Borel summable and thus does not define 
a unique function Thus the Hermitian matrix models reproduce the well-known fact 



that quantum gravity in 2-dimensions is ill-defined as a statistical theory of random surfaces 
because the topological genus expansion is not Borel summable (and therefore has terrible 
convergence properties). This is reflected directly in the Hermitian matrix integrals ( |1 . 1|) in 
which the divergence of the large- expansion is a consequence of the fact that the integra- 
tion over Hermitian matrices diverges in the region of interest. The coefficients of the genus 
expansion ( |1.42[ ) can be explicitly determined by the Bessis method of orthogonal polynomials 
for the eigenvalue model ( |1.14| ) pOI or alternatively by examining the -^-expansions of the 
loop equations [[l^. In this case, the string exponent 7str = — | appears for the discretization 
potentials ( |1.4| ), while the values 7str = are associated with more complicated polynomial 
potentials for which similar Painleve expansions can be constructed 13? 



1.1.2 Multi-matrix Models 



Although the simplest Hermitian one-matrix models above describe pure 2-dimensional quan- 
tum gravity, the simplest !^2-symmetric multi-matrix models describe gravity interacting with 

BH]. The typical 



matter in a Z) < 1 dimensional embedding space |2^, |2^, p2 
multi-matrix models are defined by the partition functions 



3S, 



n 



-N tr 



;i.43) 



where (hf are N x N Hermitian matrices and the action is 



n-l 



S[<l>]=J2V^i<l>i)-Y.Me+i 



(1.44) 
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The generalization of the one-matrix eigenvalue distribution follows from the Itzykson-Zuber 

detjj 



formula [|7T| 



[dU] e 



4>mU4>lU'f 



e * i 



;i.45) 



A(AM)A(AW) 

where are the eigenvalues of the Hermitian matrix 0^. This formula enables one to write 
1.43| ) as the multi-eigenvalue model 



-oo « 1 • 1 



;i.46) 



=1 i=l 



The diagrammatic expansion of these multi-matrix models generates a sum over discretized 
surfaces, where the different matrices (pt represent n different matter states that can exist at 
the vertices. The cross-terms between the 0^'s in ( |1.44 ) links the graphs generated by each ipi 
together. The quantity (|1.43|) thereby admits an interpretation as the partition function of 2- 
dimensional gravity coupled to matter, or of string theory in a < 1 dimensional embedding 
space. In particular, by taking n — oo (a matrix chain) one can represent a. D = 1 model 
(i.e. a single free boson) coupled to gravity. When = Vn+i-e, the matrix problem has 
a !^2-symmetry corresponding to the mapping 0£ (pn+i-e of Hermitian matrices, which 
manifests itself as an Ising-like reflection symmetry in the discretized random surface model. 
In these cases the statistical theory can be solved for using techniques such as loop equations 
|5^, |104| , |128| , p5| , orthogonal polynomials or canonical commutation relations [^, The 



continuum limits of the discretized random surface models in the case of the !^2-symmetric 
2- matrix model (ra = 2 in ( |1.43D ) represent the (p, g)-minimal models of conformal field 
theory H, |8|, [ml, with the relatively prime integers p and q associated with the scaling 
behaviours generated by the matrices (pi and 02. The central charge of these models is 



D = 1 



6(p- g)^ 

pq 



1.47) 



and the associated string susceptibility exponent is 



7str 



2\p-q\ 



p + q- \p- q\ 



:iA8) 



The unitary discrete series which is generated by the Hermitian one-matrix models is then 
recovered for {p, q) = {m + 1, m), and the !^2 symmetry of the two-matrix model corresponds 
to the well-known p-q duality of conformal field theory. The large-A^ phase transitions in 
these cases can also be studied using saddle point methods analogous to those in Hermitian 
one-matrix models p8 . 



1.1.3 The Kazakov-Migdal Model 



Unitary matrix models play a role in 2-dimensional QCD |6^, mean-field computations 



in lattice gauge theory |Q and various other approaches to higher-dimensional continuum 
gauge theories ||113||. Recently, a unitary matrix model for induced QCD has been proposed 



12 



by Kazakov and Migdal W^. Their model is the bosonic lattice field theory 



Zkm= / n ^'^(^) n [dU{x,y)] 



;i.49) 



X exp ^ -iV tr I ^ - ^ <P{x)U{x,y)<P{y)U\x,y) 



where is a D-dimensional oriented hypercubic lattice, is a scalar field which, for each 
site X G is an X Hermitian matrix and U{x,y) is a gauge field which, for each link 
{x, y) G connecting nearest neighbour sites x and y, is a.n N x N unitary matrix. This 
model is invariant under the gauge transformation 



\x 



) H(x)0(x)Hf(a;) , U (x, y) y)'B){y) 



(1.50) 



where is an arbitrary [/(A^)-valued function of x G The second term in the action in 
(|1.49| ) is the usual gauge invariant kinetic term for a scalar field in the adjoint representation 
of the colour gauge group 0, |133|| . The absence of the usual Wilson kinetic term for the 



gauge field makes this model exactly solvable in the large-A^ limit. The model (|1.49|) is the 



natural D > 1 dimensional extension of the Hermitian one- matrix model ( |1 . 1|) . It reduces to 
the standard D < 1 matrix chains discussed above if the lattice is just a 1-dimensional 
sequence of points in which case the gauge field can be absorbed by a unitary transformation 
([CTD of 

For the Gaussian potential V{(f)) = 771^0^/2, it is straightforward to calculate the Gaussian 
integrals over the Hermitian matrix fields to rewrite (|1.49| ) as the lattice gauge theory 



Zkm = I n ldUix,y)] e 



-Si^a[U{x,y)] 



;i.5i) 



where the induced action is given by the large mass expansion ||75 



1 



E 



I tr [/(r)p 

/(r)m2'(r) 



(1.52) 



The sum in ( p.. 521) is over all closed loops F with /(F) links and f/(F) denotes the path- 
ordered product of the gauge fields along F with counterclockwise orientation. Alternatively, 
we can treat (|1.49| ) using standard matrix model techniques. As usual, because of the gauge 
invariance (|1.50|) the integral ( p..49| ) depends only on the eigenvalues 0i(x) of the Hermitian 
matrices (^{x). Using the Itzykson-Zuber formula (|1.45|) it can be written as the eigenvalue 
model 



/ n Ild<p^ix) n A2(0(x))exp -AT y: Em.(^)) 

°° xecoi=^ x&co V xecoi=i J 



det 



^Ncl,i{x)(l,j{y) 



ixMc- A(0(^))A(0(?/)) 



;i.53) 
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When N is large the integral ( |1.53| ) is dominated by the saddle-point of the effective eigenvalue 
action. The saddle-point equation is 



2D d 



log/[0,x] 



1 



V'Ui) V- 



N 



;i.54) 



for each site x G C^. The solutions to ( |1.54D are called the master fields of the theory 

and the value of the integral ( p.. 53 ) when oo is equal to the integrand evaluated when 

4>i{x) is set equal to the master field The mean-field approximation to the partition 

function consists of assuming that the master field is frozen at some constant value $o 

at each site x of the lattice C^. 



The saddle-point equation (|1.54 ) can be written in terms of the one-link pair correlator 
for the gauge fields, 



as 



1 ^ 

k=l 



J[dU] |f/,,f e 



2 N tr (/>(x)[/0(j/)i7t 



J[dU] e^ *^ </'(x)c/</.(y)c/t 
1 / 1 



2D 



V'i 



;i.55) 



;i.56) 



In the large- limit, as usual we replace the index of the eigenvalues of with a continuous 
label and introduce the eigenvalue density p{X) for the master field A = $. Then the saddle- 
point equation ( |1.56| ) is 



J da p(a)C(A, a)a = ^ (v'{X) - 2^ da 



a 



1.57) 



The singular non-linear integral equation ( |1.57| ) is rather complicated ||111|] and its explicit 
solution even for the simplest Gaussian potential V{(j)) = m^0^/2 is non-trivial In this 
latter case, the quantities appearing in ( |1.57| ) can be solved for explicitly to yield the usual 



semi-circle eigenvalue distribution |^| 



F(A) 



C{a,P) 



da p{a)C{X, a)a 



nA 



a2-(n + n-i)a/3 + /32 + /i 




;i.58) 



where 



m 



DJpfi + A-{D-l)p 



n-^ -n 



;i.59) 



An alternative way to solve for the eigenvalue distribution, which is equivalent to this large- 
A^ Riemann-Hilbert method, is again by the method of loop equations, which in this case 
provides as well the full set of one-link correlators of the gauge and scalar fields ^ 
75i for a review). 



see 



It was originally hoped that the Kazakov-Migdal model would be a description of QCD 
in the limit where the number A^ of colours is large [j73|. It was thought that the model 
would have a second order order phase transition and that the critical behaviour should 
be represented by continuum QCD |7^, Q |108|| , the only known non-trivial 4-dimensional 
quantum field theory with non-abelian gauge symmetry. It was shown, however, that even in 
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the simplest Gaussian model, for which the phase transition was thought to occur at = 2D, 
there is no such critical behaviour ||6^, . This problem, combined with other problems such 
as the "hidden" local !Sjv-symmetry which forces the Wilson loops to vanish has led 
to the concensus that the Kazakov-Migdal model does not induce QCD. Nevertheless, the 
model ( |1.49| ) is interesting in its own right both as a higher-dimensional gauge theory which 
is exactly solvable at large- and as an interesting example of a matrix model in dimensions 
greater than 1 for which a solution in the large- limit may be attainable. In the former 
interpretation the model can be studied using the standard techniques of lattice gauge theory 
(see for a review), while in the latter case one can employ the basic methods of matrix 



models discussed above. 

Furthermore, it has been recently suggested that, as a matrix model, the partition function 
( |1.49| ) may serve as some sort of statistical random surface model for strings in dimension 
D > 1 p5| , p6| , |97[] . For instance, some remarkable self-consistent scaling solutions with non- 



trivial scaling indices have been found for a quartic potential V in ( |1.49| ) at large- and for 
any D ||108|, |1 1 1|| . However, it is not clear what physical system these scaling solutions are 



associated with. The relation of the Kazakov-Migdal model to discretized random surfaces 
and strings has also been recently suggested in its equivalence at large- with the gauged 
Potts matrix model [DH]. The latter model has a natural connection with triangulated random 
surface theories. The mechanism which governs the discretized random surface approach to 
string theory in dimensions -D > 1, where the susceptibility formula ( |1.38D breaks down, has 
been a subject of much discussion over the years. The random surface models for D >1 are 
perfectly well-defined and there is no obvious pathology at -D = 1. It has been suggested |3l| 
that the conformal barrier is due to some change in the geometry aX D = 1. There is some 
evidence that this change is a transition to a tree-like or branched polymer phase (rather than 
a stringy phase) [§, ^, . The polymer trees are thought of as connecting 2-dimensional 



baby universes together [97| so that the string constant is modified to |10 



7 



7str 



7str - 1 



1.60) 



with 7str = — 1/m < the critical exponent of each 2-dimensional surface in the D-dimensional 
embedding space. 

In this picture, the case 7str = —1, when there is no critical behaviour at all on the 2- 
dimensional surfaces, leads to an exponent 7 = 1/2, which is the typical mean field value 
for pure branched polymers. The exponents 7str < are generically associated with a 2- 
dimensional, or stringy, random surface summation, while 7 > signifies a fragmentation 
of the surface or a "crumpling" of the strings 0, ^, |r^. The multicritical string exponents 
7str = —1/m lead to 7 = l/(m + 1) due to the polymerization. This differs from the mean 
field value 7 = 1/2 due to the effects of the 2-dimensional gravitational dressing, just like 
the critical indices of the Ising model on a random surface differ from the usual mean field 
exponents of the Ising model on a fixed regular lattice. The polymer sum is the 1-dimensional 
reduction of the dynamically triangulated random surface model ([O 



"poly 



2/1-2 



E 



-AL(Vh) 



Y[d 



D 



X,, e" 



" 2 



IX,: 



;i.6i) 



where the sum is over all polymers Vh with h loops, L{Vh) is the intrinisic length of the 
polymer chains, the constant k is related to the fugacity of the branching chains, and Xi are 
matter degrees of freedom placed at the vertices i of the polymer graphs. These models can 
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be described by vector field theories [^0|, ^ |115| , |116| , |138|| , where the reduction from matrix 
to vector degrees of freedom is equivalent to the reduction above from random surfaces to 
randomly branched chains. The Kazakov-Migdal model yields an explicit realization of the 
crumpled surfaces above [^6|, |9^, and the above picture of the branched polymer phase is ex- 
pected for any matrix model describing discretized random surfaces in target space dimensions 
D>1. 



1.2 Adjoint Fermion Matrix Models 

Although the scalar matrix models discussed above reproduce some nice features of non- 
critical string theory and 2-dimensional quantum gravity, and they provide non-perturbative 
approaches to these theories which serve as useful tools for string theory (beyond the realm 
of the usual perturbative approaches), they have several undesirable characteristics. For 
instance, as mentioned above, there is the problem that the observables of the Hermitian 
matrix models are not well-defined because the integrations over Hermitian matrices diverge in 
the region of interest for a description of discretized quantum gravity (reflecting the divergence 
of the genus sum in the random surface model). Furthermore, in Hermitian matrix models the 
stringy phase does not exist in dimension D > 1 because of the conformal barrier, and even 
their D > 1 generalizations have instability problems associated with the unbounded scalar 
actions [D^i. It is therefore desirable to look for alternative matrix models which describe 



more general types of string theories and which have well-defined convergent observables. In 
particular, it would be interesting to find some alternative candidate to the Kazakov-Migdal 
model which has the same solvability features and might really induce QCD in the continuum 
limit. 



One such possibility has been recently introduced by Makeenko and Zarembo ||101|| who 
considered a class of matrix models where the degrees of freedom are matrices whose elements 
are anticommuting Grassmann numbers. The simplest example is the fermionic one-matrix 



model [|T2|, |101| , |105| , |126|| which is defined by the partition function 

Zi= fd^ di; e^' ^('^^^ (1.62) 



where V is some potential and ip and ip are independent complex Grassmann-valued N x N 
matrices, i.e. matrices with anti-commuting nilpotent elements. 



;i.63) 



i^ijipki = -ipkiipij , ipijipki = -ipkiipij , ^ij^ki = -^ki^ij 

The rules for left differentiation are given by the anticommutators 

and the usual rules for complex conjugation of these Grassmann numbers are 

= -^ji ' '^ij = -^ji ' i^ij'^key = ^le^ij (1.65) 
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The integration measure in ( |1.62| ) (the Haar measure on the Grassmann algebra Grass(A^)), 



is defined using the usual Berezin rules for integrating Grassmann variables, 



dipij 1 = 



;i.66) 



1.67) 



which is equivalent to left differentiation. We normalize all traces here and in the following 

as 

1 



N 



tr A = — y A 



:i.68) 



i=l 



Matrix models of this kind were originally motivated by the studies of induced gauge 
theories using adjoint matter where the Yang-Mills interactions of gluons are induced by 
loops with heavy adjoint scalar fields \7^, P3| as in the Kazakov-Migdal model or other kinds 
of matter such as heavy adjoint or fundamental representation fermions [BO, ^^, |101|, |109|, 



110, 126 



In these latter types of adjoint theories one can think of the quark fields of the 
model as being represented by the fermion matrices in the adjoint representation of the gauge 
group U{N). This differs from previous approaches to lattice gauge theories which used 



fermion fields that transform in the fundamental representation of the gauge group ||T8|, [70[| . 
In particular, since there is no asymptotic freedom in the gauge coupling constant in the 
adjoint fermion model (if the number of fermion species is large enough), the kinetic term for 
the gauge field is not essential in this case (just like in quantum electrodynamics) ||101| . 



To see the connection between the fermionic matrix model ( p,.62| ) and a statistical theory 
of discretized random surfaces as is described by the Hermitian matrix models, consider the 
simple Grassmann matrix field theory defined by 



# d^lj e^' 



The perturbative expansion of ( |1.69| ) is the series 

dtp dip tr i^ijj'ip) 



fc>0 



^N^ tr ipip 



;i.69) 



;i.7o) 



The perturbative solution of (|1.69|) therefore requires the evaluation of the normalized fermionic 
Gaussian moments 



tr (ipip) 



K 



J dip dip [ tr (ipip) 



Klk ^N'^ tr tpi) 



;i.7i) 



/ dtp dip e^' 

These moments can be obtained from the generating functional 

J dip dtp e^ {Nii^+vi^+i,v) 
^^^"^'"^^ ~ J dip dip e^' '^^^ 
where rj and f] are also independent N x N Grassmann-valued matrices, through the identity 

d d d d 



;i.72) 



d d d d 



tr rjr] 



ri='q=0 



;i.73) 
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In particular, the fermion propagator is 



i'iji'ki} = j^^ii^j (1-74) 

and it coincides with the scalar propagator ( |1.5|) . Thus the fermionic propagator has the same 
diagrammatic representation as in the Hermitian case. The difference in the two models lies in 
the vertices that each produces. The fat graphs in the fermionic case have 2i^-point vertices. 
However, a 2i^-point vertex is topologically equivalent to the contraction of two (i^ + l)-point 
vertices along an external leg. Thus the dual lattice of the fat graph discretization of surfaces 
in the fermionic one-matrix model ( p..69| ) with degree K polynomial potential V{il!ip) = ipip + 



giipi/j)^ /K is the same as the triangulations of 2-surfaces produced in the Hermitian one- 
matrix model ( |1.1D with a degree K + 1 polynomial potential V{(f)) = 0^/2 -|- g(j)^~^^/{K + 
1). This correspondence shows that the combinatorics of the surface discretizations in the 
fermionic case are modified because of a doubling of degrees of freedom at each vertex. 

However, an important difference in the statistical theory generated by ( 1.69|) now occurs. 



The Wick contraction rules given by ( |1.73|) yield a product of 2 delta-functions (as in ( [1.74| )) 
in each pairing ipip, one for each contraction of the inner and outer indices of ip with ip. A 
contraction of the form ipip gives the same result but with the opposite sign. This leads to the 
well-known Feynman rule from perturbative quantum field theory that Feynman diagrams 
for fields which obey Fermi statistics have an extra factor of (—1)^ compared to the bosonic 
case, where L is the number of closed fermion loops. Since for the fat graphs of the fermionic 
matrix model the number L is the area or number of vertices of the triangulated random 



surface [38, 129|, this indicates that the genus expansion of the free energy in the fermionic 



case may be an alternating series. 



1.2.1 Penner Matrix Models 



In the case of fermionic matrix models, since it is not possible to diagonalize matrices which 
have anticommuting elements using a unitary transformation, they are not natural eigenvalue 
models. It has been argued though that many of the analytical tools which are used to 
analyze Hermitian matrix models, such as the concept of "eigenvalue distribution" and a 
"master field", are also useful in the fermionic case ||101|| . In fact, Makeenko and Zarembo 
showed that the adjoint fermion matrix model ( |1.62| ) has many of the features of the more 
familiar Hermitian one-matrix model and that its loop equations are identical to those for the 



Hermitian one-matrix model with generalized Penner potential |T2|, |101 



-Af2 tr {V{(t>)-2\og(, 



;i.75) 



When N is infinte, the models ( |1.62[ ) and ( |1.75| ) therefore have the same solution. However, 
beyond the leading order in the large- iV expansion, the loop equations for the 2 models should 
be solved with different boundary conditions and the solution is different in the 2 cases. 

The formal equivalence between the models defined by (|1.62|) and ( |1.75| ) at large- iV can 
be seen by inserting the matrix-valued delta function 



d(j) 6{(f) — ipip) 



;i.76) 
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where is a Hermitian matrix, to write ( |1.62| ) as 



^1 



dif) dip dcp e 



5(0 — ^p^jJ) 



and using the identity 
dX 



(2vr) 



Ar2 



dX 



(27r 



det[-i(/(g) A)]e^ 



i tr A0 



1.77) 



:i.7j 



where I is the N x N identity matrix. In the infinite- hmit, the integral over the Hermitian 
matrices A is evaluated on a saddle point. In that case, when has no zero eigenvalues, the 
coordinate transform A = A'0^^ can be used to show 



dX 



(2vr) 



Ar2 



det^(-iA)e^ oc det^ 



■2N , 



SO that 



^Ar2 tr (V((l>)-21 



(1.79) 
(1.80) 



However, the integral over Hermitian matrices in ( [L . 75 ) is ill-defined for finite N because of the 
logarithmic divergence at = 0. This representation of the fermionic matrix model partition 
function in terms of a Hermitian model with effective action involving a hard-core logarithmic 
interaction can be thought of as the analog of the effective eigenvalue representation involving 
the Vandermonde determinant in Hermitian matrix models. 

The Penner matrix models (|1.75|) were originally used to calculate the virtual Euler char- 



acteristics of the moduli spaces of compact Riemann surfaces [p.l9|| . This latter quantity is 
defined as follows |46]. The moduli space Aih,n of a Riemann surface of genus h with n 
distinguished punctures can be discretized by a simplicial decomposition. The simplices can 
be represented by dual fat graphs JF such that the dimension dimjF of each simplex is the 
number of lines in the graph minus the number n of punctures in the Riemann surface. Then 
the virtual Euler characteristic of Adh n is 



E 



■1 



\ dim 



1^(^)1 



:i.8r 



where |G'(^)| is the order of a stabalizer of the subgroup of the mapping class group of 
which fixes the topological class of the fat graph JF (this is precisely the order of the symmetry 
group of the fat graph itself). 

A Hermitian matrix model which reproduces the topological invariant ( |1.81| ) should there- 
fore have very special features. Since arbitrary valence vertices appear in the simplicial 
discretization of Aih,n, the matrix model should include arbitrary powers of interaction terms 
tr 0*", m > 3. The weighting factor for the order of the symmetry group in ( |1.81| ) appears in 
the perturbative expansion of the free energy if we include a coupling factor of 1/m in front 
of the m-th interaction term, as is standard in perturbative quantum field theory. Finally, 



to produce the correct sign in ( |1.81| ) for each fat graph JF the potential must associate a 
factor of — 1 for each vertex | |119| , , which we recall was precisely the case for the fermionic 
diagrammatics. Thus the matrix model potential which reproduces these Feynman rules and 
whose free energy perturbative expansion therefore coincides with ( |1.81D is 



+ log(l - 



m=2 



m 



:i.82) 
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It has been shown that the Hermitian matrix model with Penner potential ( |1.82| ) has a 
continuum limit which is described by a logarithmic susceptibility behaviour at criticality 
28| , Such a critical behaviour is associated with a string constant 7str = 0, or equivalently 
central charge D = 1, i.e. a free boson conformal field theory [^. Thus the Penner matrix 
models are also deeply connected to D = 1 string theory. More precisely, they describe matter 
compactified on a self-dual radius circle interacting in D = 1 dimension with 2-dimensional 
quantum gravity ||2^, |130| |. By adding more complicated polynomial interactions as in 
( 1.75 ), it is possible to localize multi-critical points with 7str = —l/m which are associated 
with the D = 1 string compactified to the critical radius of the Kosterlitz-Thouless phase 
transition |]12|, ^ |130| , [96[| . These models therefore capture various intriguing features of 
2-dimensional quantum gravity and certain topological aspects of moduli space ||135|| . One 
important technical feature of Penner matrix models is that in the derivation of their loop 
equations, the field transformation ( |1.3(]| ) must be slightly modified because it produces a 
singular pole term ( tr (1/0)) from the variation of log0 in the action. This term is easily 



removed by the considering instead the field redefinition [12 



k=l 



yk + 1 



z(z — 



:i.83) 



However, the resulting loop equations lead to an algebraic equation of order 2K when the 



potential in (|1.75| ) is a polynomial of degree K. 

The connection between the Penner models and matrix models involving fermionic degrees 
of freedom were originally suggested in the work of Gilbert and Perry (see also p[) who 
considered a. D = random matrix model with N = 2 supersymmetry using a manifestly 
Hermitian supermatrix formalism. They showed that the integration of the fermionic matrix 
degrees of freedom out of the matrix integral reduces the model exactly to the Penner matrix 
model, and that in the double-scaling limit the solutions of the string equation in the case 
of the cubic superpotential exhibit critical behaviour that lies in the same universality class 
as the Penner model. These 'mixed' types of fermionic matrix models are therefore deeply 
related to D = 1 bosonic string theory, but differ from the bosonic matrix models in the 
type of universal behaviour that they exhibit (e.g. there are 2 distinct universality classes 
displayed) p][ . 

It has been conjectured by Makeenko and Zarembo ||101|| and Ambj0rn, Kristjansen and 
Makeenko |0 that the fermionic one-matrix model also corresponds to a similar sort of 
statistical theory of triangulated random surfaces, except that now the genus expansion has 
alternating signs |12[. The resulting convergence of the sum over genera is reflected in the 
feature of the fermionic matrix model that its partition function and observables are all well- 
defined since the integrals over Grassmann variables always converge, in contrast to Hermitian 
matrix models |3^, |73|. In fact, one can formally perform the integral ( [1.62| ) at finite- by 
inserting the matrix-valued delta function ( |1.76| ) and using ( |1.78| ) as 



dX 



(2vr) 



N2 



dip dtp e' ^(<t>-^^^ = det 



N 



d 



to obtain 



Zi = det 



N I tr V(4>) 



0=0 



;i.84) 



;i.85) 
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Similarly, any correlator at finite- is given by 



n (^^) 



Pj \ — 



J # di: e^' ^^^^^ Uj tr {i{jiIj)p^ 
/ dtfj e^' ^('^'^) 

det^ (^) (n, tr e^' 



;i.86) 



det^ (^) 



^Af2 tr V{</.) 



(/>=0 



For a given potential ^^(-z), the expression ( [1.85| ) can be expanded to give a finite polyno- 
mial in the parameters of the potential which coincides with the usual perturbative expansion 
(which is a finite sum because of the nilpotency of the Grassmann variables). To generate a 
full statistical random surface model with arbitrary numbers of vertices, one needs to take 
the large- iV limit. This is in contrast to the bosonic cases of the last Subsection where the 
large- limit was required to make the perturbative expansion a well-defined quantity at each 



order in 1/N. However, in spite of this good convergence of the partition function ( p..62|) , it 
has been shown that this model has a non-trivial phase structure in the infinite limit 
p!2| , |101| , p.05| , |126|| . In particular, the adjoint fermion one-matrix model possesses the usual 
multi-critical behaviour [^, ^] with third order phase transition and string susceptibility 
with critical exponent 7str = —1/m, m > 2. It may also have a first order phase transi- 
tion |p.05|| . Although a first order phase transition is unusual for a matrix model, the phase 
structure of this model resembles the critical behaviour that occurs near the triple point of a 
liquid-vapour-solid system. There the vapour phase, for example, can be supercooled to the 
boundary between the liquid and the solid phase where the phase transition must then occur 
and be of first order. The existence of 2 critical points in the adjoint fermion 1-matrix model 
is similar to the occurence of 2 distinct universality classes in the Gilbert-Perry supermatrix 
model. 



1.2.2 Complex Matrix Models 

From an analytic point of view, the loop equations of the adjoint fermion matrix model are 
similar in structure to those of the Hermitian one-matrix model with generalized Penner 
potential. However, form a combinatorical point of view, there is another bosonic matrix 
field theory which is similar in structure to the fermionic ones above. Consider the complex 
one-matrix model which is defined by the partition function 



where the integration is over the space of all A^ x A^ complex-valued matrices 0. The complex 
matrix model is equivalent to the Hermitian matrix model in the double scaling limit |9^ 



and its complete set of correlators can be written down in closed form expressions |TT|]. It can 



also be written as an eigenvalue model since the action in (|1.87| ) depends only on the radial 



part 0V of which is a Hermitian matrix. As a statistical theory of random surfaces, it 
has been argued that the fat-graphs of the complex matrix model ( 1.87|) represent 'checkered' 



surfaces which are formed from the doubling of vertex degrees of freedom as discussed above 
for the fermionic matrix model. 

Except for the appropriate minus signs and convergence properties, the perturbative ex- 
pansion of the model ( |1.87| ) yields the same generating function for triangulations of random 
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surfaces as in the fermionic case because the non-zero Wick contractions occur only among 
the pairings (p^cj). This is a consequence of the much larger unitary and charge conjugation 
invariances of ( |1.87| )), 

V(j)U^ with {U, V} G U{N) ® U{N) ; ^ 0^ (1.88) 

which restricts the non-zero correlators to those of invariant functions of Thus the 

combinatorical factors associated with the counting of Feynman diagrams in both cases are 
the same, and in the case of the complex matrix model it is known that, because of the 
doubling of degrees of freedom in ( 1.87] ), the free energy of the Hermitian matrix model with 



an even polynomial potential is twice the free energy log Zc defined with the same potential. 
Furthermore, any given correlator of the N x N complex matrix model can be obtained from 



that of the 2N x 2N Hermitian matrix model with an even potential and dividing by 2 |11, 92]. 
As we shall see in the following, the loop equations for the adjoint fermion one-matrix model 
are derived in a manner similar to those of the complex matrix model. In the latter case the 



loop equations follow from the same shifts ( 1.83|) as for the Penner matrix models. These 



correspondences lead to many other similarities between fermionic matrix models and these 
classes of bosonic matrix models. 



1.2.3 Fermionic Matrix Models at D > 



Makeenko and Zarembo also introduced a class of fermionic two- matrix models [|101|| . The 
equations of motion for these generalizations are high-degree polynomial equations whose 
solutions are not as immediate as for the case of the one-matrix models ||126|| . In these 
models, as well as the one-matrix models, the -i:-expansion of the Schwinger- Dyson equations 
can be related to discrete Virasoro and VT-constraints which have recently been used to 
discuss the integrable structure of matrix models |7^, ^ |104|| and the relations between 



matrix models and certain topological quantum field theories such as topological gravity in 2- 
dimensions |102| , |135|| . These constraints also provide an alternative way of examining 

the continuum limit relevant to string theory (see ||112|| and [p.l4|] for recent reviews). 

Originally, fermionic matrix models were introduced by Khokhlachev and Makeenko for 
adjoint fermions [Q, and by Migdal for fundamental fermions ||109[ , as another proposal of 
a model which could be considered as inducing Yang-Mills theory in the continuum limit. 
This model is the most general fermionic matrix model which is the natural D-dimensional 
generalization of (|1.62|) minimally coupled to a unitary matrix field []80| , |95| , |101| , |126|| . It 



has been shown that there are several advantages of this fermionic matrix model over its 



Hermitian counterpart which is the Kazakov-Migdal model of induced QCD [^. It is by 
now well-known that if the large-A^ phase transition in the Kazakov-Migdal model occurs 
before the one separating the local confinement and perturbative Higgs phases, then one gets 
normal area law confinement in the intermediate region bounded by these 2 phase transitions 
p5| . Moreover, the solvability features of the Kazakov-Migdal model are masked by the 
fact that the extra local U{1) gauge symmetry of the theory must be spontaneously broken 
before the continuum limit is reached |8^, |79|, BSl. Furthermore, the Gaussian model in 



this case is unstable due to an unlimited Bose condensation of scalar particles for an action 
which is unbounded from below (and if a stabalizing self-interaction is added then it leads 
to the Higgs phenomenon) [^. In the fermionic case, however, the perturbative expansion 
for weakly fluctuating gauge fields resembles that of ordinary QCD and a large- first order 
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phase transition occurs with decreasing fermion mass which separates the perturbative regime, 
associated with the restoration of the area law, from the strong couphng phase with unbroken 



U{1) gauge symmetry and associated local confinement [Q. Moreover, since fermions can 
never condense, the Gaussian fermionic action has no instability (or Higgs phase) for any 
value of the fermion mass (but this does not exclude the existence of a composite Higgs phase 
associated with a fermion chiral condensate (ipip) 7^ 0). 

These higher- dimensional adjoint fermion matrix models may also provide important in- 
formation concerning the D > 1 phase of string theory. Some recent works have appeared 
describing polymer models using fermionic degrees of freedom. Fermionic vector models ||127|| 
share many of the random geometry interpretations of the usual scalar vector models which 
describe the statistical mechanics of randomly branching polymers. However, they gener- 
ate better defined statistical models and moreover they provide interesting toy examples of 
many of the features of fermionic matrix models. Supersymmetric matrix models ||13||,||97||-[p9|] 
which combine the adjoint fermion and complex matrix models above contain a dimensional 
reduction due to the supersymmetry and also therefore describe a statistical theory of dis- 
crete filamentary surfaces. Thus the use of fermionic degrees of freedom also enables one to 
construct more exotic types of matrix models and to exploit their convergence features to 
describe more complicated combinatorical problems. 



1.3 Outline 

This Review will focus on the above aspects of adjoint fermion matrix models. We shall 
discuss in detail the technical features involved in solving these models in the large- limit. 
In particular, we shall discuss how to explicitly solve for the observables of these models 
and examine their phase structures. Although not yet completely understood, we shall at 
various places indicate what these matrix models may have to do with string theories and 
other continuum field theories such as Yang-Mills theory. Throughout we shall compare these 
models to the bosonic matrix models, highlighting the essential differences and similarities. 

The structure of this Paper is as follows. We begin in Section 2 by considering, for the sake 
of illustration, a vector version of ( |1.62 ) which is the fermionic analog of the scalar 0{N) vector 



models | |124| , P] , |138|| which have recently been studied as 'test models' of concepts for the 
more complicated Hermitian matrix models. There we show how the fermionic nature of the 
degrees of freedom can be used to explicitly solve for the observables of such random models, 
and we show how the construction of the topological expansion carries through explicitly in 
these cases. The nicest feature of these vector models is that everything can be solved for 
exactly with relative ease, and the critical behaviour of the more complicated matrix models 
becomes rather transparent in these simplified versions. We also discuss the relevance of these 
fermionic vector models for random polymers and establish exactly the alternating nature of 
their genus expansions. 

We then discuss the adjoint fermion one-matrix model ( |1.62| ) in more detail in Section 
3, and in particular we present the full explicit analysis of its critical behaviour in the case 
of a symmetric potential. We discuss the physical and mathematical bearings the third and 
possibly first order phase transitions have [ 1U5| ], and we examine the -^-expansion about the 



third order multi-critical point and present the argument [|T^] which indicates that the genus 
expansion may be a convergent, alternating series version of the Painleve expansion which 
otherwise coincides with the genus expansion of the Hermitian one-matrix models (this is 
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exemplified by the foregoing vector model results). We also show that the large- expansion 
of the loop equations in this case can be interpreted as Virasoro constraints which allows one 



to interpret the fermionic one-matrix model as an integrable system ||114 . 

We then consider the fermionic two-matrix model in Section 4 as the natural next higher- 
dimensional gauge invariant generalization of (|1.62|) . There we derive the complete sets of loop 
equations for these models, and hence illustrate that even in the simple cases of symmetric 



potentials the equations of motion are far too complex for any explicit solution ||126|| . However, 
the loop equations for these two-matrix models are quite similar to those of the Hermitian 
two- matrix model [|l], |104| , |128|| , so that one expects the same values of 7str to appear and 



hence a similar string theoretical interpretation of these higher-dimensional fermionic matrix 
models. We also show how the -^-expansion of the two-matrix model is related to integrable 



hierarchies 114 . 



In Sections 5 and 6 we generalize the adjoint fermion two-matrix model to D dimensions as 
a lattice gauge theory. We compare this class of lattice gauge theories to both the Kazakov- 
Migdal model and previous attempts at using fermions in the fundamental representation 
of the gauge group to model the quark fields. We review the present status of the quark 
confinement problem for these theories, and in particular the progress thus far in solving the 
loop equations of the models at strong coupling. As of yet, this is still a highly non-trivial and 
unsolved problem, and in particular it is not known how to extrapolate the strong coupling 
solutions to solutions of the loop equations in other phases of the model, specifically where the 
area law behaviour of Wilson loops holds [^0|, ^ |101| , |126|| . Here we shall also analyse in detail 



the critical behaviour of the Itzykson-Zuber integral ( |1.45| ) in both the bosonic and fermionic 



cases. We shall show that even in the bosonic case it may have a non-trivial phase structure. 



as has been suggested recently by Makeenko in where it was shown that extended Wilson 
loops in the Kazakov-Migdal model exhibit a continuum limit due to a singular behaviour of 
the Itzykson-Zuber correlator of the gauge fields. 

Finally, in Section 7 we combine the adjoint fermion one-matrix model with the complex 
bosonic matrix model of Subsection 1.2.2 above. In certain instances, the model has a su- 
persymmetry between the bosonic and fermionic degrees of freedom which can be exploited 
to solve complicated combinatorical problems that may be relevant for the dimensionally re- 
duced phases of string theory in target space dimensions D > 1. We illustrate this on the 
particular combinatorical problem of evaluating meander numbers (i.e. the number of foldings 
of a closed polymer chain). We show how to formulate the loop equations in these models 
in terms of random variables, a technique which has been exploited recently for the solution 
of Hermitian matrix models. We also demonstrate how the dimensional reduction of the 
supersymmetric matrix model reproduces characteristics of a branched polymer theory, and 
comment on the potential uses of super-matrices for theories of supergravity and superstrings. 
Generally, throughout the Review we single out the numerous unsolved problems in this field, 
all of which are interesting problems which certainly deserve future investigation. Although 
for the most part this Paper is a review, a good portion of the analyses presented in the other 
Sections is original work. 
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2 Fermionic Vector Models 



Scalar 0(A^)-symmetric vector models have been studied over the past few years as an inter- 



esting testing ground of ideas for the more complex Hermitian matrix models ^ |58|, |116 



124|, |138|| . Besides this, as mentioned in the previous Section, they describe statistical models 
of discrete filamentary surfaces relevant for the branched polymer phase oi D > 1 string the- 
ories [|, |15], |17[ ^ p.l5|| . We would expect the same to be true of some simplified vector 



version of the fermionic matrix model ( |1.62|) . Therefore, as a preliminary discussion and to 



illustrate some of the features of statistical ensembles with fermionic degrees of freedom in a 
context simpler than the matrix theories, we consider a toy model with Grassmann vari- 
ables ipi, i = 1, . . . , N, and independent conjugate variables ipi. The model is specified by 
the partition function ||126| , |127|| 

Zo = Jdijj dij (2.1) 

where 

N _ 

= Y,i,,iJi , (2.2) 

i=l 

V{z) is some "potential" function of z and the integration measure is 

_ N 

dip difj = dipi dipi (2.3) 

i=l 

The integration over Grassmann variables in (|2.1|) is well-defined and finite if e^^*^^^ has a 
well-defined Taylor expansion to order N in the variable z. As we shall show in the following, 
this simplicity is what makes this model explicitly solvable. The model possesses a continuous 
symmetry, 

N _ N _ 

^^^T.U^Ji^J , iP,^J2'Pj(U-'),, With UeGL{N,€) (2.4) 
i=i j=i 

parametrized by the Lie group GL{N,€) of invertible complex-valued N x N matrices. There 
is a further discrete symmetry under the "chiral" transformation 

ipi^ipi , ipi^ -ipi for any i (2.5) 

Together, these two symmetries restrict the observables of the model to those which are 
functions only of ipip. The statistical model is then completely determined once the moments 

A^^ - - SdiPdiPjiPiPfe^^^^^) 

^ = \(^^) / = J dip dip e^vi^^) ^'-^^ 

are known. Since nilpotency of the components ipi and ipi imply that 

{iPiPf+^ = (2.7) 

there are A^ independent moments M^, . . . , M^. Also, symmetry and nilpotency of the vector 
components ipi and ipii imply that 



A^' - \ 

= (UM^j , 0<k<N (2.8) 



and so the correlators {f{ipip)) for finite- A^ are polynomials in the parameters of the potential 
in (^). 
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2.1 Finite and Infinite Solutions 



The first feature we will stress of the fermionic vector model is the extent to which it 
can be solved at both finite and infinite- A^. The explicit form of the solution at infinite- is 
obtainable even in the scalar models because of the linearity of the vector theories in contrast 
to the non-linearity of the equations of motion involving matrix fields. The solvability here at 
finite- is a consequence of the Grassmann integrations in ( |2.1| ). More precisely, the partition 
function ( |2.1| ) at finite can be formally evaluated by inserting the delta function 



+00 



dx 5{x — ip'ip) 



(2.9) 



and using the identity 



+°° dy 
00 27r 



+00 



to obtain 



A^! 



<kj_ 
27r 

, dx 



N\{-iy)^ e'^"" = A^! - 



dx 



N 



6{x) 



N 



x=0 



(2.10) 



(2.11) 



Similarly, the correlators for A^ finite are given by 



(fey 



x=0 



(2.12) 



These moments can always be obtained from a (not unique) distribution function p defined 



by 



da p{a)a^ 



(2.13) 



where the integral is over the support of p in the complex plane. When A^ and therefore the 
number of moments is finite the support of the spectral function p{a) is concentrated near 
the origin in the complex a-plane 



dw e"™" 



1 

2^ 



1 

2^ 
(£) 



dw e 



N 



Jwz+NV{z) 



(dz) 



N 



.NV{z) 



2 = 



(2.14) 



1 



d 



N 



~^ + NV'{a)\ 5{a) 



The spectral density ( |2.14| ) completely determines the solution of the random vector model 
(|2.1| ). The most general potential which we shall consider in this Section is a combination of 
a logarithm and a polynomial of degree K < 00, 



K 



V{z) = K\0gZ+Y. 



n=l 



n 



(2.15) 
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When is infinite, the distribution has an infinite number of moments and the support 
of the spectral function need no longer be concentrated at the origin. In this case the solution 
of the vector model simplifies because the correlators factorize, 

(/(^^)) = /((V'^)) + (^(l/iV) (2.16) 
This factorization property follows from the fact that for an arbitrary potential of the form 



2.15| ) the connected correlators are given by 

"iV^ \dgi 



n 



mr)conn = ^ log^O (2.17) 



and 

logZo = iVFo (2.18) 
so that the free energy Fq is of order one at ^ oo. It follows that 

M" = (M^)" + C»(l/Ar) (2.19) 

and the statistical model in the large- iV limit is completely determined by the first moment 

= (ipip) (2.20) 

The spectral density in the large- limit 

' k=0 



P(«)=ii^^E^ 5(a)=e-^^- 5(a)=5(a-Mi) (2.21) 



is a point mass localized at the point a = M^. The expectation value of any observable of 
the vector model (|2.1| ) at large- is therefore 

{f{^^)) = f{M') (2.22) 

Thus the fermionic vector model (|2.1| ) provides a rare example of a statistical theory which 
is exactly solvable at both finite and infinite A^. We shall discuss the applications of the 
fermionic vector model as a random geometry theory ||127|| in the last Subsection of this 
Section. 



2.2 Loop Equations 

An alternative way to solve for the moments in a random distribution of variables, which will 
generalize to the matrix theories we are ultimately interested in, is by the Makeenko-Migdal 
method of loop equations ||107|| . Consider the "propagator" 

The asymptotic expansion of this function is a series in the moments 

-^i^) = - + i:^^^ = - + Y.-^, (2-24) 

^ n=l ^ ^ fc=l ^ 
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When is finite, since this series is finite, u}{z) has singularities only at the origin in the 
complex 2;-plane. It can be expressed as an integral over the spectral density 

u;{z) = I da (2.25) 
J z — a 



where p{a) is the spectral function whose formal solution is given in (p.l4|) and the integration 



in (|2.25| ) can be taken over any contour in the complex a-plane which goes through the origin. 



When is infinite, the support of the spectral function can be deduced from the analytic 
structure of uj{z). If the support is in a compact region of the complex plane, the propagator 
has the asymptotic form 

lim uo{z) = 1/z (2.26) 



and the integral over a in ( |2.25|) is on a contour or set of contours in the complex plane which 



contain the support of p{a). The resulting integral is analytic in the region outside of the 
support of p. The positions of branch and pole singularities of u determines the support of p 
which in the large- iV limit is generally some contour in the complex plane. The continuous 
function p itself can be found by computing the discontinuity of u{z) across its support, where 

uj((3 ±e^) = 4 da T ^T^piP) for (3 G supp p (2.27) 

J p — a \e±\ 

and €±{l3) is a complex number with infinitesimal amplitude and direction perpendicular to 
the integration contour in ( |2.27| ) at the point (3. 

The loop equation for lj{z) follows from the identity 







d^jjdi> ^( ijj, — — e^^^^'^M (2.28) 
dijji \ ' z - ipip J 



which is a consequence of the Grassmann integration rules (|1.67|) . Dividing by Zq and ex- 
panding out the averages in this equation gives 

and then summing over i = j = 1, . . . , N leads to 



The correlator in (|2.30|) involving the potential Vlipip) can be expressed, using ( p. 251) , as an 



integral over a contour C in the complex plane which encircles the singularities of uj{z) with 
counterclockwise orientation. The loop equation (|2.3CI|) can then be written as the integro- 
differential equation 

l(4.l).W..W-/^^^.(A,^0 (2.31) 



When the potential is of the form ( p.l5| ), we have 



K 

^V'{z) = gnz"" (2.32) 

n=0 
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where Qq = k. To simplify ( |2.30| ) we use the identity 

= zV\z) + (^^^'(V^V^) - zV\z) 

K n-l 



(2.33) 



n=l m=0 



and obtain the loop equation 



(2.34) 



where P{z) is a polynomial of degree K — 1 which is determined by the first K — 1 moments 
M^-i 



K m-1 
m=l p=0 



K 



m— 1 



E E ^ 

m=l p=0 



m— p— 1 p 



(2.35) 



This equation can also be obtained from the integro-differential equation ( [2.311 ). When the 
potential is given by ( |2.32| ), the contour integral in ( ^.311 ) can be evaluated by computing the 
residues at A = 2 and A = oo to get 



d\_ V'{\)\ 
c 2Tii z — X 



^(A) 



-V'(z)zu;(z) + P(z) 



(2.36) 



Generally, when the loop equations are solved, the moments in ( |2.35| ), which appear 
as constants in the equation, must be found self-consistently. Substituting the asymptotic 
expansion ( |2.24| ) into the loop equation ( |2.34| ) and equating the coefficients of z^, we find that 
the moments are determined in terms of the coupling constants of the potential ( |2.15| ) by the 
set of recursive equations 

Y,gkM' = l-K (2.37) 

k>l 



KM'^ + Y^gkM 



k+p 



k>l 



1~ — ]MP for l<p< N 



(2.38) 



The loop equation must be solved with the asymptotic boundary condition ( |2.26| ). Its solution 
is readily found for arbitrary by integrating the first order linear ordinary differential 
equation ( |2.34| ) as 

Z J 

The overall constant is fixed by the asymptotic behaviour ( p. 26 ) which can be found by 
expanding ( p.39| ) in 1/z. The leading term is found by 



(2.39) 



1 , NTdw P{w)w^ e^^^""^ 
lim uj(z) ~ - lim ^ s 



- lim 



NP{z)z^ e^^(^) 



(2.40) 



z l.Hoo {N/z + NV'{z))z^ e^^(^) z 



as expected. 
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Thus, the hnearity of the vector model equations of motion lead to a rare example of a field 
theory whose loop equations can be solved exactly and explicitly for any A^. For the adjoint 
fermion matrix models that we shall soon consider, the loop equations will be non-linear 
and such a solution at arbitrary will not be possible, even though the partition function 
is explicitly computable for finite as in the vector case. Notice also that the moments 
appearing in the recursion relations ( |2.37| ) and ( ^.381 ) can be expressed as 



_d_ 



k>l 



(2.41) 



and so the loop equations are equivalent to a system of differential equations in coupling 
constant space which determine the partition function Zq of the model. In the matrix gener- 
alizations we shall exploit this feature to relate the solutions of the loop equations to integrable 
hierarchies of differential equations. In the bosonic cases, these appear as Virasoro constraints 
on a r-function which is characterized as a symmetry of the string equation. The fact that 
this is readily observed in the vector model counterparts owes to the simplicity and linearity 
of these models. 

As expected, the loop equations simplify at large- A^ because of factorization. The propa- 
gator (|2.24|) at A^ = oo becomes 



k=l 



and the loop equation (^.30]) at A^ = oo is 



u{z) 



P{M\z) 
zV'{z) - 1 



(2.42) 



(2.43) 



-'zP 



(2.44) 



where 

K m-l 

P{M\z)=J2g^Y.iM'r 

m=l p=0 

The solution ( p.42| ) agrees with that found in the last Subsection. The coincidence of the 2 
solutions (|2.42|) and (|2.43|) is equivalent to the equations (|2.37| ),( ^l38D which determine the 
single independent moment M^. For a potential of the form ( 2.15| ), at large- A^ the correlator 
is determined as the solution of the i^'-th order algebraic equation ( |2.37| ), 

M^V'{M^) = 1 (2.45) 



2.3 The Gaussian Model 



The simplest model is the Gaussian model which is defined by the potential 

V{z) = tz 



(2.46) 



The Gaussian potential (|2.46| ) in all of the models we present in this Review will always serve as 
an interesting consistency check of the formalisms and will moreover present partial solutions 



for more complicated examples. In this case, the distribution function ( p.l4|) becomes 



N 



(2.47) 
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1 a 



The oo limit of is 

p(a) = e^^(5(a) = 6{a — 1/t) 
which identifies the first moment of the distribution as 

= {i)^) = 1/t 



(2.48) 



(2.49) 



The finite- loop equation ( [^.30[ ) in the case of the Gaussian potential ( ^.4(j| ) is the first 
order ordinary differential equation 



whose solution is 



(2.50) 



(2.51) 



where we have used the boundary condition ( 2.26| ). In the infinite- limit ( p. 51 ) becomes 

t 



, , t _iJL fl 

uj(z) = - e ^ at - 
^ ^ z \t 



z{t - l/z) 



(2.52) 



which coincides with the large- solution (|2.43|) for the Gaussian potential (p.46|) . The 
propagator uj{z) at both finite and infinite A^ agrees with the spectral density obtained directly 
above. Alternatively, we obtain from ( p.39| ) the general solution 



u{z) 



N J'dw w^te^'"" lA A^! 



E 



z^ e^*^ z^ {N -k)\ t^N'^z'' 



(2.53) 



which identifies the Gaussian moments 



1 



(A^-A;)!(A^t)* 



(2.54) 



as expected from (|2.8| ). In the large- A^ limit, it is readily seen that = (M^)'^ where the 
moment is given by ( 2.49|) . 



2.4 Four- Fermi Vector Model 

In the simple Gaussian example above, the free energy is analytic in the coupling constant t 
and there are thus no critical points. In the general case, however, the moment M^, which 
completely specifies the solution of the vector model at large- A^, is determined as the solution 
of a i^-th order polynomial equation and, from ( |2.41| ), the free energy Fq will have a non- 
analytic cut structure leading to some sort of critical behaviour. For example, the simplest 
non-Gaussian model is defined by the quadratic potential 



V{z) 



tz + -z 



(2.55) 
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The propagator uj{z) can be computed formally at finite N by evaluating the integral 



uiz 



dw w^\t + gw + gM^)e 



1\ ^N{tw+gw^/2) 



(2.56) 



which, after shifting the integration variable w, can be expressed in terms of error functions. 
For p = I, the 2 relations ( |2.37D and ( ^.38| ) become 

tM^ + gM^ = 1 



tM' + gM'' 



l/N)M^ = 



In the large- limit, ( p. 57] ) yields a quadratic equation for the moment M^, 

tM^ + g{M^f -1 = 



(2.57) 



(2.5^ 



Note that this quadratic equation also follows from the large- limit of the generating function 

dm), 

( \ 1 t + g{M' + z) 



Ml 



tz + gz^ — 1 



Expanding both sides of (|2.59| ) to order 1/z^ and equating coefficients, we recover ( p.58| ). The 
solution of (|2.58| ) which is regular at 5^ = (and thus consistently reproduces the Gaussian 
solution ( p.49| ) when g ^ 0) is 
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'1 + 



t2 



(2.60) 



(0) 



at 



The 



The N = 00 free energy can be obtained by integrating up the identity 
second set of relations in ( p.57| ) at finite-A^ then yield a relation among the various partial 
derivatives of Fq which can be used to recursively construct the large-A^ expansion of the 
vector model order by order in This approach was advocated for the scalar version 

of the four- Fermi model above in ||124|| . This construction and the physical relevance of the 
ensuing critical behaviour is the topic of the next Subsection. 



2.5 Critical Behaviour and the ^-expansion 

One of the nicest features of vector models in general is that one can straightforwardly con- 
struct the -^-expansion of the free energy explicitly. In the fermionic case, this is an especially 
useful probe of the characteristics of the more complicated fermionic matrix theories which 
are hoped to describe 2-dimensional quantum gravity coupled to some sort of fermionic mat- 
ter placed at the vertices of the discretization. We shall conclude our discussion of fermionic 
vector models in this Subsection by examining the explicit critical behaviour and double scal- 
ing limit of the vector theories described above ||127|| . This will provide much insight into 



some general ideas that will be encountered in the matrix models later on where such explicit 
constructions have yet to be carried out. 



32 



2.5.1 Random Polymer Models 



We start by examining what sort of random geometry theory the fermionic vector model 
describes. For completeness, let us begin by briefly reviewing the status of the 0{N) vector 
model with partition function |116| , |124| 



2' 



Zs{t,g;N) = ^d<P^ exp | -t ^ 0^ + ^ (^^ 0^ j | (2.61) 
The model ( |2.61| ) isinvariant under the orthogonal transformation 

N 

SeO{N) (2.62) 



The continuous (connected) SO{N) part of the full orthogonal group symmetry in ( p. 62 ) is 
the analog of the GL{N,€) symmetry (|2.4| ), while the discrete reflection symmetry (pi —>■ —(pi, 



for any i, is the bosonic analog of the chiral symmetry (|2.5|) . The symmetry ( p.62|) restricts 



the observables of the theory to those which are functions of 



TV 



E<^' (2.63) 



i=l 



When the coupling constants t and g are positive, it is straightforward to show that the 
formal expression ( |2.61|) counts the number of randomly branching polymers, both those with 
a tree-like structure and those with arbitrarily many loops. The Feynman graphs produced 
in this case do not have enough structure to specify a Riemann surface |Q and instead 
they describe 'discrete filamentary surfaces'. As we shall see below, this is a consequence of 
the behaviour of the susceptibility of these models which exhibit a positive string constant 
indicative of a fragmentation of the surface (into a branched polymer phase in this case) 
The fact that the integral ( |2.61| ) is divergent is a reflection of the divergence of the statistical 



sum. 

This statistical sum over polymers coincides with the expansion of the free energy 

JZs{t,g;N)\ 



Zs{t,0-N)^ 



(2.64) 



in Feynman diagrams. The propagator is 



the vertex is ^ 

{{(pi(pj(pk(pi)) = j^-j^ {Sij6ki + 6ii6jk + 6ik6ji) (2.66) 

and the free energy is the sum of all connected diagrams with four-point couplings. The 
standard rules for evaluating the Gaussian integrals as in ( p.65| ) and ( p.66| ) are given by 
the Wick contraction rules in which each pairing of vector components is assigned a delta- 
function in the index contraction. The dual graphs to these Feynman diagrams, defined by 
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associating a vertex (molecule) in the center of each of the scalar loops and lines (bonds) 
connecting vertices by crossing each of the Feynman 4-point couplings, are random walk 
diagrams p.l6| , |127|| . The number of molecules n appears as the power in N^~^ and 



corresponds to the number of index loops of the Feynman graphs. The number of bonds h 
is given by the power in [g/Nt^Y ^^^1 corresponds to the number of vertices, or equivalently 
contacts of these index loops. 

The random polymer model generated by ( p.64|) is therefore of the form 



Fs = -Y.N-'(I^) (2.67) 

where the sum is over all polymer graphs Vh,e. with h bonds and 

i = h-n + l (2.68) 

loops. Thus the vector model partition function is the generating function for the number 
of polymer configurations with h bonds and £ loops. ( p.67|) identifies the parameters of the 



vector model with the discretized action terms for a random walk model as [|, ||, 0, |115|| 



1^=^' ' f=«-' (2-69) 

where /i is the fugacity and L the length of the branched polymer chain. Note that the sum 
2.67| ) includes the self-bonding polymers which are generated by Wick contracting several 



propagators into single loops (as opposed to multi-loops) and occur in the expansion only for 
^ > 1 M,[T27|. 



From an analytic point of view, the perturbative expansion of the partition function 
is completely determined by the Gaussian moments 

^T)) = .tttVttv ( ^YzsitAN) = t-i^ { SVr-/^ (2.71) 



as 



Zs{t,g;N) ^ (Ar + 4n-2)!! / g 



Here we have introduced an "ultraviolet" cutoff N\ G to make the partition function well- 
defined. In the limit A^a oo, the series ( p.72| ) is a non-Borel summable asymptotic series 
reflecting the divergence of the original integral and also the divergence of the statistical sum. 
As in the case of random surfaces, even though the series is divergent, if arranged as a power 
series in rather than g, the terms in this series are individually convergent and it is the 
sum over genera i which is asymptotic. With the cutoff N\ in ( |2.72| ), the partition function 
is an analytic function of N, but it is only well-defined at = oo when this ultraviolet cutoff 
is removed. 

The random polymer model above can also be generated by the fermonic vector model 
with partition function 

ZFit,g;N) = I d^dip (2.73) 
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As we shall now see, the model ( |2.73| ) possesses a random geometry interpretation similar to 
that of the 0{N) vector model. A main difference with the 0{N) vector model is that the 
integration over Grassmann variables in the generating function ( p.73| ) for the polymers is 
a well-defined finite polynomial in the coupling constants g and t. The dimension itself 
provides a cutoff on the number of terms (and polymers) in the Feynman diagram expansion 
of ( ^.731 ). Here, rather than making the partition function integration well-defined as in the 
bosonic case, the large- A^ limit is needed to generate the full ensemble of randomly-branched 
chains. 

The Feynman diagrams for the fermion vector theory ( |2.73|) have propagator 

^^^^■) = /#d^e^^^ = ^2.74) 
and the four-Fermi interaction vertex is 

((^ijiijjipk^pi^ = ^ {SijSki - Sii6jk) (2.75) 

These Feynman rules have the same graphical representation as for the 0{N) vector model 
above with a left-handed orientation for the lines (ingoing lines into a vertex for ipi components 
and outgoing lines for ipj components). Now the graphs are formed from all connected 4-point 
diagrams which preserve this orientation. The Feynman rules also associate a factor of —1 to 
each fermion loop in a Feynman graph. The Wick rules for the evaluation of the Gaussian 
fermionic integrals such as ( |2.74|) and ( |2.75|) associate delta-functions in the indices for each 



contraction of the form ip%jj and a minus sign for an interchange in the order of iptp- Notice 
that these Gaussian moments can likewise be obtained from a generating functional 

where t] and f] are also independent Grassmann-valued vectors, as 



_d d_ 



■ e 



-ffTj/Nt 



ri=ri=0 



(2.77) 



which also leads to the fermionic Feynman- Wick rules with the appropriate minus signs. 
The perturbative expansion of (|2.73|) 

ZF{t,g;N) ^ (-If fj_\ 
Zp{t,0;N) ^2Arj 

is completely determined by the normalized Gaussian moments 

ZF{t,0;N) [dt^ 



iM")) = ^ .„ (^] ZMtA N) = t-"{^] t" (2.79) 




to be 



ZF{t,Q-N) ' n\{N-2n)\\2Nt^ 
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where N2 = N/2 (respectively (A^ — l)/2) when N is even (odd). It is straightforward to 
check that ( |2.8CI| ) coincides with ( |2.11| ) for the four-Fermi vector potential The perturbation 
series is a finite sum which represents the same sort of random walk distribution as in the 
scalar theory above except that it only includes polymers with up to N2 bonds. From a 
diagrammatic point of view, the alternating nature of the series arises from the minus signs 
associated with fermion loops. Term by term, this series can be made identical with the 
terms of same order in g in ( |2.72| ) by the analytical continuation — > —N/2 in ( |2.8U| ) (so 



that A^A = ^2 in (|2.72|) ). The factor of 2 is associated with the doubling of degrees of freedom 
in the fermionic case. Thus, after the substitution A^/2, the large A^ expansion of the 

fermionic vector model is identical to that of the 0{N) vector model except that it is an 
alternating series in 1/A^. The coefficient of 1/N^ in the former and 1/{—NY in the latter 
are identical. Now, however, the alternating nature of the fermionic vector series makes its 
N 00 limit Borel summable, and as such it defines a better behaved statistical theory. 

Notice that the combinatorical factors occuring in the Feynman diagram expansion of this 
fermionic vector model are identical to those obtained in the complex vector model 

Zcit,g;N)= J n ^^0. ^^0* exp + ^ | (2.81) 

where the integration is over the whole of ~ IR^^. The model ( |2.81| ) is invariant under 
the unitary transformations 

N 

cpi^Y. U^j<Pj with U e U{N) (2.82) 
i=i 

This symmetry, along with the discrete charge conjugation symmetry 0j — >■ 0* for any i, 
restricts the observables of the model to those which are functions only of X^i (pi^Pi- Although 
the complex vector model ( |2.81|) exhibits the same doubling of degrees of freedom as in the 



fermionic case as well the same Wick contraction (non- vanishing only among 0* and and 
Feynman rules without the minus signs, it still leads to an asymptotic series expansion as in 
the case of the 0{N) vector model above. In analogy with the matrix case, it can be thought 
of as describing the statistical mechanics of 'checkered' filamentary surfaces. 



2.5.2 Double Scaling Limit 



The large A^ expansion of the 0{N) vector model above is a saddle point computation of the 
integral (|2.61| ). After integration over angular variables, the partition function ( p.61| ) can be 
written in terms of the radial coordinate in Euclidean A^-space as 



Zsit,g;N) 



27r^/^ 
r(A^/2) 



•-2-<a4 

JV V 



(2.83) 



In the infinite- A^ limit, which counts the tree-graphs (£ = 0), the integral ( p^.83 ) can be eval- 
uated using the saddle-point approximation. Rescaling — > (f)/\/N the stationary condition 
for the effective action -Nt(f)^ + gN(j)'^ + A^log0 in (^1831) is 



2t02 _ 4^04 ^ ^ 



(2.84) 
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The solution of ( |2.84| ) which is regular at g = and which minimizes the effective action is 




(2.85) 



The tree-level free energy is then the value of the effective action in (|2.83| ) evaluated at the 
saddle-point ( |2.85[ ), 



.(0) 



1 



s = 1™ -^'^ogZsit,g;N) 

N—*oo iV 



1 t 

2^Ag 



t - Jt^ - 4(7 - log 



t 



1 



^9 ^9 

The free energy ( p.86|) becomes non-analytic at the critical point 

g = g, = e/A 



t^-Ag 



(2.86) 



(2.87) 



where the 2 solutions of the quadratic equation ( |2.84| ) coalesce. There the minimum of the 
effective action in ( ^^831) disapp ears and it becomes unbounded ^ ^ |138|] , so that the 
saddle point solution is no longer valid. There is a second order phase transition at the 
coupling g = gc with susceptibility exponent ||, |l^, [l^, |116 | 



(0) 
7str 



1/2 



(2. 



This critical point is identified as the "continuum" limit of the random polymer theory where 
the number of branches, and hence the lengths, of the tree-graphs becomes infinite. The 
higher-loop contributions (molecular networks) can be found in ||124|| and their "continuum" 
limit is associated with an infinite number of molecules, thus tracing out a continuum fila- 
mentary surface 0, . Notice that since a negative string susceptibility constant 
is indicative of a locally 2-dimensional random geometry, the critical exponent (|2.88|) is in- 
herently related to a dimensionally reduced discretization. 

We shall now see that the fermionic vector model ( |2.73D possesses a similar critical be- 
haviour. To explicitly carry out the -^-expansion of the fermionic vector model, we introduce 
a scalar Hubbard-Stratonovich field (f defined by the identity 



dip e 



(2.89) 



into the partition function integral ( p.73| ) to write it as 



ZF{t,g;N) = dip e-5^'/'^ / # di^ e^*-*^^/^)^^ = N\ d^ {t - ig^/N f q-^'^''^'' (2.90) 



When N ^ oo the integral in ( |2.90| ) is determined by the saddle-point value of ip. Rescaling 
ip —>■ ip/N, this can be found from the stationary condition for the effective action 



Sp{^) = -Ng^^/2 + N\og{t - ig^) 



appearing in ( |2.90| ) which is 



t9^ - + W 



(2.91) 

(2.92) 
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The solution of ( |2.92| ) which is regular at = is 



2ig 




(2.93) 



Substituting ( |2.93| ) into (|2.91|) we get the tree-level fermionic free energy 



fP = 2 - - V^' - - log + ^t^ - (2.94) 

Note that the saddle points in ( p.85|) and (|2.93| ) are related by the correspondence 



1 t 



t 



(2.95) 



which makes more precise the analytical continuation between the bosonic and fermionic 
models discussed above. Notice also that the free energy (|2.94|) is related to the free energy 
(|2.86| ) of the scalar model as 

fP = 1 - 2^°) (2.96) 

as anticipated since the large-A^ limit of the 2 models represents the same combinatorical 
problem of enumerating tree-graphs. 

The higher-loop contributions (which count the polymer networks with a given number of 
molecules) can be found by carrying out the saddle point calculation of the integral ( p.90| ) to 
higher orders. For this, we decompose the Hubbard-Stratonovich field as 



(2.97) 



and expand the action ( |2.91| ) in a Taylor series about the saddle-point value ( |2.93| ) in terms of 
the fluctuation fields ipq. Using the saddle-point equation ( |2.92| ) when evaluating the higher- 



order derivatives ^^^''(v^o) 



this Taylor series is found to be 



n=3 



9^^T n 



n 



(2.98) 



The genus 1 free energy is then obtained from the fluctuation determinant that arises from 



Gaussian integration over the quadratic part in (^q of (|2.98 



fP = ^ log {g + ^¥^9 = ^ log (2^ - ^ + l^t'-^a) (2-99) 

which also agrees with the 1-loop free energy of the 0{N) vector model [p.24| . 

The -^-expansion of the fermionic free energy also becomes non-analytic at the critical 
point g = Qc = t'^/4:. It exhibits the same critical behaviour as the (j)'^ theory above and it 
therefore lies in the same universality class as this statistical model. Notice that this critical 
behaviour, and also the free energies above, could have been obtained as well from the results 
of the previous Subsection with the identification 0^ ^ M^/2 there. It is straightforward to 
carry out the double-scaling limit of the fermionic vector model in much the same way as 
in the bosonic case |124| , |116|| . This limit is associated with the continuum limit of the 
polymer network at N ^ 00, g gc in such a way that a coherent contribution from all 
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orders of the perturbative and expansions is obtained. We approach the critical point Qc 
by defining a dimensionless "lattice spacing" a by 

at^ = Qc-g (2.100) 

and taking the continuum limit a 0. With the rescalings mentioned above, the contribution 
to an arbitrary £-loop vacuum diagram with £ > 1 is N~^[y/a)~^N'^ = N^~^[y/aY~^~'^ . As 
shown in |^ , the maximum number of vertices that a 4-point polymer diagram with I loops 



can have is n = 2(£ — 1), so that the most singular behaviour of an £-loop diagram in the 
continuum limit a — is [Na?/"^)^^^ . The proper continuum limit wherein a finite contribution 
from arbitrary genus polymers is obtained is thus the "double-scaling" limit where N ^ oo 
and a — i> in a correlated fashion so that the renormalized "cosmological constant" (or "linear 
string tension") 

= Na^^^ (2.101) 

remains finite. The double scaling limit enables an explicit construction of the genus expansion 
of the continuum polymer theory from the vector model. 

We can now take the double scaling limit of the partition function ( 2.73| ) and write it as a 



loop expansion in the linear string tension A^. However, as noted for the 0{N) vector model 
the tree and 1-loop contributions are singular in this limit. The saddle-point value (|2.93|) 



can be written in terms of the lattice spacing as 

gipo = 2{l-2y/^)/it (2.102) 
from which it follows that the genus and 1 free energies (|2.94| ) and (|2.99|) are given by 



NfP r. - iVlog (0 + 6ArV3Af _ 

i/3\ (2.103) 




in the continuum limit a — > 0. The A/j-dependent terms in ( |2.103| ) diverge in the double scaling 
limit and represent a non-universal behaviour of the statistical polymer system. The tree-level 
and one-loop order Feynman diagrams should therefore be subtracted in the definition of the 
double-scaling limit leading to a renormalized partition function Zfi{Aii, t) that only contains 
contributions from the £-loop diagrams with i > 2. 

This renormalized partition function is obtained by integrating over that part of the action 
involving n > 3 vertices in the fiuctuation field cpq weighted against the Gaussian form in 



(|2.98| ). To pick out the finite contribution in the double-scaling limit, we rescale the fiuctuation 



field as !fq 2N^^^A](^g^ ^^"^fq and note that with this rescaling we have 

+ . -A'(-9Vo)X--^%^(|)"a'-""A/"»': (2.104) 



in the continuum limit a 0. The n > 4 vertex terms in (|2.104 ) vanish in the double scaling 



limit, and therefore the exact renormalized partition function in the double scaling limit is 
(up to irrelevant normalization factors) 




(2.105) 
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The Gaussian moments in ( p.l05| ) can be evaluated as in ( |2.71| ). The odd moments vanish, 



while the even moments yield a factor (3k—l)\\. Thus the double-scaled renormalized partition 
function admits the exact genus expansion 

z„,A.,.,^£,-i)'*-|y;LA,. p,06) 



The partition function ( |2.106| ) has a similar structure as that in the 0{N) vector model 



where the genus expansion is an asymptotic series with zero radius of convergence ET[. In 



the fermionic case, however, the genus expansion is an alternating sum, and is therefore Borel 
summable. The convergence of the sum over genera is easily seen in the integral expres- 
sion ( |2.105 ) where the unbounded cubic term contains a factor of i which makes the overall 



integration there finite. The Borel summability of the genus expansion is a feature unique 
to the fermionic models that does not usually occur for random geometry theories. In this 
sense, the fermionic vector model represents some novel discretized surface theory in which 
the topological expansion uniquely specifies the generating function of the statistical theory. 
The identification —^= in the fermionic case suggests that the associated random poly- 
mer theory has a complex- valued "fugacity" /i = ivr + /io, /xq € IR, with doubly-degenerate 
degrees of freedom at each vertex. It would be interesting to give these fermionic properties 
of the theory a direct interpretation in terms of a random geometry model. From an analytic 
point of view, the genus sum alternates relative to that of the 0{N) vector model because the 
saddle-point ( p.93|) is imaginary in the fermionic vector model ( p.73|) so that its saddle-point 



expansion is the analytical continuation 0q = |y9o of that for the scalar model. 

The above analysis can be straightforwardly generalized to an interaction of the form 
g{ipip)^ , which will then represent a random polymer model with up to 2i^-valence vertices. 
The critical behaviour is the same as that in a scalar vector model and leads to the 
same susceptibility exponent 7str = |) such a theory of random polymers is universal. 
To generate more complicated polymer models, for instance those with matter degrees of 



freedom at the vertices of the discretization g ^, |T5|, |115|| , one must study vector models 
with more complicated interactions, such as those which were considered quite generally at 
the beginning of this Section. To treat such models defined as in ( [^.ID at = oo, we could 



use the first part of the identity ( |2.10| ) to write the partition function as 

(-i)^N\ 



2n 



dz dw eNViz)+^wz+Nlogw (2.107) 



If the potential is a polynomial of degree m {k = 0,K = m in ( p.l5| )), then we can rescale 
z z/N and the coupling constants gu — > A^'^ ■ Qk simultaneously so that the effective action 
in (p.l07|) is NV{z) + iNwz + Nlogw. The integral ( p. 10?] ) at large- A^ is determined by the 
saddle-point value of this effective action. In the 2-dimensional complex space of the variables 
w and z, the stationary conditions are 

V'{z)+iw = , iz + l/w = (2.108) 

which can be combined into the single equation 

zV'{z) = 1 (2.109) 

The equation ( |2.109| ) is identical to the stationary condition for the 0{N) vector model 
defined with potential V{(f)'^) |138| ]. Thus the critical behaviour of the fermionic vector 
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model ( |2.1| ) is the same as that for the 0{N) vector model with the same polynomial potential 
( |2.15| ). The genus expansion is generated by the 2-dimensional saddle-point evaluation of 



the integral ( p.l07| ). The imaginary saddle-point values given by ( |2.108| ) will lead to an 
alternating genus expansion in the double-scaling limit for the fermionic theory, leading to 
a Borel summable polymer model, in contrast to the scalar case. In this case the critical 
point is again that point in coupling constant space where the function zV'{z) vanishes. This 
point coincides with the simple pole of residue 1 in the propagator uj{z) in ( |2.43|) an d the 
solutions of the loop equations in ( 2.45| ) cease to exist. For a potential of the form ( [2.15 ) with 



K = 0, -f^ = m, we can adjust the coupling constants in such a way that the critical point is 
a zero of zV'{z) of order m. The leading singularity of the free energy will then be 
4T| , |116|| which leads to the critical susceptibility exponent (c.f. (|1.36|) ) 



7iS = l-l/m , m = 2,3,... (2.110) 

This is the multicritical series for generalized random polymer systems in dimension D > 
I, |15|, |115|| which interpolates between the Cayley tree at m = oo with 7^°^ = 1 and the 



ordinary random walk we discussed earlier at m = 2 with j^'^^ = |- the 0{N) vector 
models, the former case would represent a phase of bosonic string theory (as in the Penner 
model) in target space dimension D > 1 while the latter case would represent a phase of pure 
2-dimensional quantum gravity. In the general case, the potential ( |2.15|) leads to discrete 



filamentary surfaces which have vertices of even valence up to 2m. The A^*^-component of the 
vector model free energy represents the self-avoiding random walk (i.e. no loops, i = 0), and 
it can be computed by dividing the statistical sum by and then taking the — ^ limit. 
This method of isolating the constant configurations in a random surface model is known 
as the 'replica trick' and it will be encountered again in Section 7. It would be interesting 
to determine precisely what physical systems the fermionic vector models represent in the 
continuum limit. 

Given the convergence properties of the fermionic vector models, they can be combined 
with bosonic models to obtain supersymmetric-type vector theories representing new sorts 
of generating functions for random geometry theories ||127|]. Some supersymmetric gener- 



alizations of the 0{N) vector model have been studied in |106|, |117| , |125|| and it would 
be interesting to find physical applications of these models. We shall discuss some of these 
supersymmetric theories in Section 7. The main lessons we wish to draw here concerning 
our "toy model" analysis of this Section is that random geometry models involving fermionic 
degrees of freedom admit solutions analogous to those of the more conventional bosonic the- 
ories, except that the overall models have better convergence properties and lead to better 
defined statistical theories. In particular, the Borel summability will be argued later on to 
hold as well in the adjoint fermion one-matrix models. As we shall see, this is expected to 
be only true for odd polynomial potentials |1^ as it is only in that case that the matrix 



model possesses a chiral symmetry and imaginary endpoints for the support of the spectral 
distribution (i.e. an analytical continuation of a Hermitian spectral density). In the case of 
the simpler fermionic vector models the partition function is always invariant under chiral 
transformation of the fermionic vector components. Furthermore, in the case of fermionic 
matrix models the correspondence with a scalar theory is more complicated - a polynomial 
fermion model can be analytically continued to a Hermitian matrix model with a generalized 
Penner potential. It should therefore represent a Borel summable generating function for the 
virtual Euler characteristics of the discretized moduli spaces of Riemann surfaces (rather than 
just the generating function for a random surface triangulation itself). In the vector case. 
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the fermionic model represents the same type of random surface theory as the corresponding 
0{N) vector field theory. The results of the vector model analysis above therefore clarify and 
confirm many of the matrix model arguments that are presented. 



3 Adjoint Fermion One-matrix Models 



In this Section we will analyse in detail the adjoint fermion one-matrix model ( [1.621 ). It can 



be viewed as a D = dimensional quantum field theory of a self-interacting Dirac fermion 
which transforms under the adjoint action of a "colour" gauge group. The model possesses 
the symmetry 

ij^U-^V-^ , iP^VipU-^ with {U,V} eGL{N,(C)®GL{N,€) (3.1) 
In spite of this large degree of symmetry, it is not possible to diagonalize a matrix with 



anticommuting elements. Thus, unlike the more familiar Hermitian one-matrix models |20 



25 1, the model (|1.62|) cannot be written as a statistical theory of eigenvalues. Nevertheless, 



in the large- iV limit it shares many of the properties of such a theory. Furthermore, the large 
degree of symmetry restricts the observables to those which are essentially invariant functions 
of ipip. 

The chiral transformation 

ip , ^ -ip (3.2) 



is the analog of the reflection symmetry cf) —(f) in a Hermitian 1-matrix model p5[. The 
invariant traces transform under (13.21) as 



tr {^P^P)'' (-1)^=+^ tr {^P^P)'' (3.3) 

Thus, ( p.2| ) is a symmetry of the model when the potential is an odd polynomial. It is 
interesting that the analog in Hermitian matrix models is the reflection symmetry when the 
potential there is an even polynomial and in that case one expects the eigenvalue distribution 
to be symmetric and all odd moments of the distribution vanish, ( tr 0^'^+^) = ||25[ [|. In 
the present model, this symmetry introduces the feature that all even moments vanish, 

( tr {tptpf'') = (3.4) 



When is finite, because of the anticommuting property of the elements of ip and ip, 
there is an integer ko < N"^ such that 

( tr {ip^pf^') = (3.5) 

There are also a finite number of non-zero correlators of the form (Hi tr (ipip)^'). In the 
large- iV limit, correlators of the matrix model factorize 

( tr fijjtP) tr gji,^) ) = ( tr /(^^)) ( tr g{i,ij)) + 0{1/N^) (3.6) 

^Such symmetric matrix models are usually referred to as 'reduced' matrix models. 
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This factorization property follows from the existence of a finite large- limit for the corre- 
lators ( tr i^ip'ipY) for arbitrary polynomial potential V{tl)ip) = J2n>i ^{'4'4')'^y since then the 
connected correlators are given by 



tr iijijy tr (V'V')')conn = ( tr (VS^)^ tr (^V-)') " ( tr tr 



(3.7) 



and 

tr (^^)'=) = ^A;^logZi (3.8) 

Factorization and symmetry imply that the large- limit of the model is completely charac- 
terized by the set of correlators ( tr [tptpY). 

When is finite, the moment generating function 

/ 1 \ - 1 

-W = (*'r3^) = |:(*'W'*')^>?TT 

has singularities only at the origin in the complex z-plane. The potential V{z) is now a source 
for the inverse Laplace transformation of the Wilson loop tr ^rf^; 

tr V{i,^) = / — Viz) tr J- (3.10) 

The set of moments can always be obtained from a (not unique) distribution function p with 
support in the complex plane 

( tr {^iIjY) = J da p{a)a^ with J da p{a) = 1 (3-11) 



The support of p can be deduced from the position of the singularities of u in (p.9|). When 
N and therefore the number of moments is finite the support of p is concentrated near the 
origin in the complex plane just as in ( ^.141 ) 



p{a) = { tr 6{a - V^V^)) = E ^ ( ^r (^^)') (^-^ j S{a) (3.12) 

In the large-A^ limit, the spectral function p{a) can be a function with support on some 
contour in the complex plane. The distribution function p is the analog in the fermionic 
matrix model of the density of eigenvalues in Hermitian one-matrix models as the quantity 



which completely specifies the solution of the model in the infinite N limit p5 
The generating functions for the connected correlators are 

uJn{zi, . . . , Zn) = ( tr ^^^---tr ^-TT/ (3-13) 

and in the Hermitian case they are associated with the (inverse Laplace transforms of) the 
sum over discretized open surfaces with n boundaries |]73|. When the potential is a polynomial 



43 



Vi^ipi^) = J2k>o9k{'^'^)'', the expansion of the multi-loop correlators ( |3.13| ) in ^, . 
be obtained, using (|3.7|),(p78D, from the free energy as 



UJn{zi, ...,Zn)= C{zi) ■ ■ ■ C{Zn) log Zi 

by successive applications of the loop insertion operator^ 

1 d 



Ciz) 



fc>0 



yk + l 



dgk 



— can 



(3.14) 



(3.15) 



The single-loop correlator uJi{z) = uj{z) as in ( [^.25| ) is analytic in z away from the support of 
p in the complex plane. The distribution function can be determined as before by computing 
the discontinuity ( p. 27 ) of uj{z) across its support. Notice that since the signs of the actions in 
1.62| ) and (|1.75|) are opposite (see ( p..80| )), the connected correlators of the fermionic matrix 



model alternate in sign relative to those of the generalized Hermitian Penner model ( |1.75|) . 
This indicates that the large- genus expansion of the fermionic matrix model ( 1.62| ) is 
an alternating series. As we shall see, this feature will follow from the different boundary 
conditions that must be used to define ([L.62|) and (|1.75|). 



3.1 Loop Equations 

The loop equation for the single-loop correlator uj{z) follows from the identity 



dip dip 



d 



dip. 



iP 



z — ipip 



^N^ tr Viip^l)) 



kl 



(3.16) 



In contrast to Hermitian matrix models ||7^, the identity ( |3.16| ) is exact for fermionic matrices. 
Dividing by Zi in ( p.l6| ) and expanding out the expectation values gives 



= 5, 



ik 



Z — Ipip 

Setting i = k^j = i 



kl 



[z - Ipip) 



1^ 



Nl\iP 



z — Ipip 



[iPV\iPiP))\ (3.17) 
kt ^1 



and summing over i, j = 1 . . . , then leads to 

■ z L{zf + uj2{z, z)) + 2uj{z) + (f ^ ^^-^uj{X) = 



(3.18) 



where the contour C encircles the cut (and possibly pole) singularities of ooiz) with counter- 
clockwise orientation and ( |3.18| ) should again be solved with the boundary condition ( p.26|) . 
When the potential is a polynomial of degree K as in ( |2.15|) (with k = 0), then the contour 
integral in ( p.l8| ) can be obtained as in (|2.36|) and the loop equation ( |3.18|) becomes 



- zuj{^zf + (2 - zV\z)) uj[z) + V'{z) + P{^Z) = ZU2{Z, z) 
where Pi^z) is a polynomial of degree K ~2 

K k~2 
k=2 p=0 



(3.19) 



(3.20) 



^Note that with this definition we have C{z)V{w) = which acts as a delta-function when integrated 
along the imaginary axis as in ( 3.10| ). 
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Note that the loop equation ( p.l8| ) can also be derived from the Schwinger-Dyson equations 
expressing the invariance of the partition function ( |1.62| ) under arbitrary changes of variables. 
Under the field transformations 



1 



if) ^ ip 



z{z — ijjip) J 

where e is an infinitesimal parameter, the integration measure in ( |1.62| ) changes by 

1 \' 1 



(3.21) 



dip d-ip ^ dip dip 1 — e 



tr 



z — ipip 



2N tr 



z{z — Ipip) 



(3.22) 



and then the invariance of (|1.62|) to first order in e under the transformations ( p.21|) leads 
directly to (|3.18|) . Notice also that the field transformation (|3.21|) is similar to the shift (|1.83|) 
used to derive the loop equations of the Penner matrix model [|l^ 



Factorization implies that the connected correlators are all suppressed by factors of 
and the term on the right-hand side of the loop equation ( p.l9| ) vanishes in the large- iV limit. 
Then the loop equation has the solution 



u{z) 



1 

z 



Viz) 



1 




zP{z) 



(3.23) 



where the sign of the square root is chosen to satisfy the asymptotic boundary condition 
(|2.26| ). The branches of the square root must be placed so that it is negative near the origin 
in order to cancel the pole at z = 0. If the potential is a polynomial of order K, then the 
solution (|3.23|) in general will possess a square root singularity with K branch cuts and the 
spectral density p will have K contours in its support. 

The simplest solution of the model is the one-cut solution which assumes that the singular- 
ities of ^^{z) consist of only a single square root branch cut, so that the distribution function 
p has support only on one arc in the complex plane with endpoints at some complex values 
Oi and 02. The simplest one-cut solution of the homogeneous part of the equation 



uj{z + e_L) + uj{z - e_L) = 2/z - V'{z) 



(3.24) 



IS 



z — ai){z — 02). Dividing (|3.24|) through by this function gives the discontinuity equation 

uj{z + eiP) uj{z-eAP) V\z)-2/z 



^J{ai - z){a2 - z) yj{a2 - z){z - oi) ^ {a2 - z){z - ai) 
from which it follows that the one-cut solution for uj{z) can be represented in the form 



(3.25) 



, , f dw V'(w) - 2/w 

uj{z) = 6 — 

Jc^ 47r« z — w 



{z - ai){z - 02) 
\ {w - ai){w - 02) 



(3.26) 



where the closed contour Cz encloses the support of the spectral function but not the point 
w = z. The absence of any terms regular in z in ( p. 261) follows from the large-|z| behaviour 
of the 1-loop correlator. 
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The endpoints of the cut can then be found by expanding ( |3.26| ) in ^ and imposing the 
asymptotic boundary condition ( |2.26| ) on the solution ( p.26| ) , which leads to the two equations 

r dw V'{w)-2/w £ dw V'{w) 2 

Tc 2'Ki 







+ 



{w — ai){w — Jc2T[i J _ q^^^^^ _ q^^^ \Ja.\Q-2 



(3.27) 



dw 

c 2TTi 



wV'(w) 



w 



dw 

c 2TTi 



wV'{w) 



= (3-28) 

ai){w - a2) -^c'Zm _ _ q^) 

In particular these equations show that the points ai and 02 cannot lie on the real axis. If 
they did, the solution ( |3.26D would have a pole at z = and the contour C would encircle 
the origin. But then ( |3.27| ) and ( |3.28| ) would have no real solutions. Notice also that in this 
case the degree-2i^ polynomial that appears under the square root in ( p.23| ) must have K — 1 
double roots. This yields K — 1 conditions that fully determine the polynomial P{z) in ( p. 20 ). 

To determine the precise location of the support contour of p in the complex plane, we 
first use the observation ||101|| that the large- iV equation ( |3.19| ) for the single-loop correlator 
is identical to the loop equation for the generalized Penner model ( |1.75| ). It follows that the 
matrix models (|1.62|) and ( |1.75|) are equivalent at any order of the -^-expansion and therefore 
belong to the same universality class |101|| . Notice, however, that this does not imply 
that all observables in the 2 models are the same. In particular, the endpoints ai and 02 
of the one-cut ansatz in the fermionic case are complex-valued. The same is true of the 
spectral distribution function where in addition the requirement of positivity of p is lost in 
the fermionic case. Nevertheless, the solution at = 00 is the same in both models and this 
fact can be used to derive some important properties of the one-cut solution for the fermionic 
one-matrix model. 

In particular, in the large- limit the spectral density therefore obeys the saddle-point 
equation p5| 



2/f3 - V'{(3) 



i 



da 



p{a) 



P G supp p 



(3.29) 



2 J p-a 

Note that this equation can be obtained from the discontinuity (|2.27|) , ([3?24 ) of the loop 
correlator ( p.23| ), and it also follows from the local minimization condition -j^ = for the 
free energy 

Fo= lim --^logZp= I da p{a){V{a)-2\oga)+ 14 dadp p{a)p{p)\og{a-p) (3.30) 

with respect to the distribution function p. Note the change in sign of the fermionic free 
energy relative to the Hermitian one (compare ( |1.75 ) and ( p..80|) ). The double integral in 
(|3.30| ) is evaluated by integrating up the saddle-point equation ( p.29|) . This introduces a 
logarithmic divergence at /3 = arising from the Penner potential in ( |1.75| ) which we remove 
by subtracting from (|3.30|) the Gaussian free energy Fq defined by setting V{;ipip) = gi^ipip in 

Fq — Fg = - J da p{a) {V{a) — 2 log a) + -j- da p{a) log a (3.31) 

where we have ignored terms independent of the general potential couplings gk-, k > 1, in 
Q). 



The support contour of p can now be determined from the David primitive function |^ 

■2 \ , , 

(3.32) 



rw /'} 

G{w) = / dz [--V'iz)-2uj{z) 

Jai \Z 



46 



The branch points of uj{z) in ( p.23| ) (i.e. the solutions to ( p.27| ) and ( p.28| )) fix the endpoints 
of the support of p, but not its position in the complex plane. From ( |3.23| ) and the analogy 
above with the Hermitian Penner matrix model (for which p is positive and real-valued) it 
follows that the support of p is an arc connecting ai to a2 in the complex plane along which 
G{w) is purely imaginary and which can be embedded in a region where Re G{w) < This 
feature, however, depends strongly on the boundary conditions used in ( |1.75| ) [P7[|. 

The general ra-loop correlators ( p.l3|) in the spherical approximation can also be found by 
applying the loop insertion operators (p.l5|) n — 1 times to uj{z) as prescribed by ( p.l4| ). For 
example, applying the differential operator C{z) to the boundary conditions ( p.2?| ) and (|3.28|) 
we can evaluate C{z) Cli clS 



V'{w) - 2/w 



{w - ai)3/2(w - 02)1/2 {z - axfl\z - a^yl'' 



(3.33) 



where we have used the identity 



L{w)V\z) 



d 1 

dzw — z 



(3.34) 



and C{z)a2 is obtained from ( p.33|) by interchanging ai and 02. Then applying C{w) to the 
one-cut solution ( |3.26| ) we arrive at the two-loop correlator 



U2{Z,W) 



dw' 1 {w' — ai){w' — a2) 

N'^ Ic^ 4:7Ti {z — w'){w — w'y\^ {z — ai){z — a2) 

1 1 ( {w - ai){z - 02) + {w - a2){z - ai) 
N^^{w-zY \^^.^_a,)[w-a2){z-a^){z-a2) 



(3.35) 



( |3.35| ) is identical to the 2-loop correlator of the Hermitian one-matrix model |TT|. There- 
fore all the multi-loop correlators ( p. 131 ) for n > 2 are the same as those in the Hermitian 
1-matrix model with the same polynomial potential V (and when V is odd in the fermionic 
case these correlators are the same as those for a Hermitian model with a symmetric poten- 
tial). As we shall discuss in Subsection 3.4, this indicates a certain equivalence between the 
genus expansions of the fermionic and Hermitian one-matrix models. As ( p.l3|) represents the 
complete set of operators for the fermionic matrix model, the loop equation ( p.l8|) therefore 
determines the complete set of equations of motion of the model. Notice that the 2-loop 
correlator (|3.35|) depends on the potential V in ( |1.62|) only implicitly through the endpoints 
Oi and 02 (but not explicitly). This is not so for the higher-order multi-loop correlators of 
the matrix model |ll| . The system of standard Schwinger-Dyson equations for the connected 
correlators of the model (11^=1 ('^V')^^ )conn can now be obtained by expanding the multiloop 
correlators ( |3.13| ) in powers of — and using the loop equation ( |3.18| ). 



^This first property of G{w) follows from the Hermitian matrix model definition p{X) = ( 



dX{x) \ 
dx 



> 0. 



The s econd property follows from the fact that global variations along supp p of the planar free energy Fq in 
( |3.30 ) are proportional to G, (SFq oc 5G, so that positivity of the real part of 5Fo ensures global stability of 

the ground state solution ( 3.30 ) determined by p. 
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3.2 The Gaussian Model 



The solution of the model for the Gaussian potential ( p.46|) is 



uj{z) = + — V4 + t2^2 (^336) 

and the distribution function is 

= + ^ ; " ^ supp p (3.37) 

This is the analog in the fermionic case of the Wigner semi-circle law for a Gaussian distribu- 
tion of Hermitian random matrices As mentioned already, one of the crucial features of 



the fermionic models, as compared to Hermitian models, is that the endpoints of the support 
region of the spectral distribution function lie off of the real axis and the support contour is in 
general embedded in some region of the complex plane. In the present case the endpoints are 
situated on the imaginary axis at ±2i / 1, and to satisfy ( |2.25| ) and the normalization condition 



/ da p{a) = 1 the support contour connecting the points ±2i/t must be chosen so that it 
avoids the origin in the complex a-plane. 

To determine the precise support contour for p which connects these points, we evaluate 
the David function ( |3.32|) 



G(z) =- — VITtW 

^ , ^ , (3.38) 

= —V 4 + t'^z'^ — sgn(t) log = — iiT sgn t 



where the branch cut of the square roots in ( |3.38|) is taken to be the straight line joining 



the points ±2i/t. Notice that Re G{z) =Foo as z ^ ±oo and Re G{z) +oo as 2; ^ 0. 
A careful study of the equation Re G{z) = and of the region where Re G{z) < shows 
that the support contour of p cannot cross the imaginary axis for |Im z\ > 2/\t\ and that it 
crosses the real axis at some non-zero values of order ±l/t. The regions Re G{z) < are to 
the right of these crossing points (but note that Re G{z) changes sign across supp p). Thus 
the support contour of ( p.37|) can be taken to be the counterclockwise oriented half circle of 



radius 2/\t\ in the first and fourth quadrants of the complex a-plane. It is easy to verify that 
with this definition of p the equations ( |3.11| ) and ( p.25|) are indeed satisfied. Again, since the 
free energy is analytic in the couplings for this simple Gaussian case (i.e. a free fermion field 
theory), there is no critical behaviour in this model. 



3.3 Critical Behaviour of a Non-Gaussian Model 

We now analyse some non-trivial polynomial potentials at large- and discuss the ensuing 
phase structure of the model. 
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3.3.1 The Cubic Potential 



The simplest symmetric case is the cubic potential 



V{z) =tz + ^z^ (3.39) 



for which 



i _ i _ ^ 

z 2 2 
where ^ is the as yet unknown correlator 



e = ( tr (3.41) 

In this case the vanishing of all even moments, / da p{a)a^^ = 0, implies that the endpoints of 
the support contour of the continuous function p lie in the complex plane and are symmetric 
on reflection through the origin. Furthermore, an application of Wick's theorem shows that 
the series ( p.9|) in the odd moments is alternating. 

Generically the square root in uj{z) has three branch cuts, so that in the general case 
the distribution function p will have three disjoint and symmetric (about the origin) support 
contours. The one-cut solution for ( |3.40| ) takes the form 

uj{z) = ----^— + ^-^^z^ + 4/62 (3.42) 



where comparing the polynomial coefficients in ( |3.42 ) with those of ( 3.4(J| ) shows that the 



parameter h and the correlator ^ are determined by the two equations 

±h^ -tl? + 2g = Q (3.43) 

-{e + Ag^)h±Sg = Q (3.44) 

The sign ambiguity here can be eliminated by requiring that at = the correct Gaussian 
value h{g = 0,t) = t for b be attainable. This is the boundary condition that is relevant 
for an interpretation of this matrix model as a discretized random surface theory, i.e. for a 
consistent perturbative expansion of the model in the coupling constant g. It means that we 
take the positive sign in the above equations. The choice of negative sign yields solutions with 
boundary conditions at g = appropriate to generalized Penner models [|l2l (e.g. they yield 



real- valued endpoints for supp p). This can also be seen directly from the contour integrals 
(|3.27| ) and (|3.28|) by computing the residues at oo. For any odd polynomial potential, (|3.28 



is an identity since there is no residue at infinity, while for the potential ( p.39|) the equation 
(|3.27| ) yields exactly ( |3.43|) with the sign ambiguity arising from the possible choices of sign 



of the square root y/oio^. 

We assume henceforth that t is a positive constant. The 3 solutions of ( |3.43| ) are 

bo{x, t) = ^- {p'/%x) + p-'/%x) + l) (3.45) 
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where 

P{x) = 2x-l + 2^Jx{x - 1) 
and we have introduced the dimensionless scahng parameter 



X 



1 - 27(7/2^3 = 1 - g/g. 



(3.47) 



(3.48) 



When X < {g > gc = ^) or x > 1 {g < 0), l3{x) is a monotone real-valued function with 
j3{x) > 1 for X > 1 and ${x) < —1 for x < 0. In the region 0<x<l(0<5'< gc), P{x) 
is a unimodular complex-valued function. The function ( p.45|) is always real-valued and the 
region < x < 1 is the region wherein all 3 roots ( p.45|) , (|3.46|) of the cubic equation (|3.43|) 
are real. These 3 roots can all be obtained from ( p.45|) by choosing the 3 inequivalent cube 
roots of P{x). For x ^ (0, 1) the solutions (|3.46|) are complex. 

For the fermionic matrix model, where the distribution function p can be complex-valued, 
there is no immediate reason to disregard generic complex-valued endpoints for the support 
of p. However, the free energy ( |3.31| ) for the cubic potential ( |3.39| ) up to terms independent 
of b and g is 

Fo{x,t)-Fait) = '-^^^^;^+^og\bix,t)\ (3.49) 
where we have used the spectral density determined by ( |2.27D and ( p. 42] ) as 



2m ^ 



ga 



a G supp p 



(3.50) 



with b{g,t) given by ( p.45| ) and ( |3.46| ) (or equivalently the moments ^ and ( tr {^pipY) de- 
termined by expanding ( ^.42| ) to order ^). In arriving at ( 3.49| ) we have used the boundary 
conditions ( |3.43| ) and ( |3.44| ), and the fact that in the difference between the two logarithmic 
integrations in ( p.31[ ) only the residue at a = survives. The free energy ( |3.49| ) is complex- 
valued for the complex values ( ^.4(j| ) of 6(x, t) for x ^ (0, 1). Such a free energy corresponds to 



an unstable state and we therefore consider only the real- valued solutions to ( p.43| ). The sup- 
port contour on which (|3.50|) is defined is again found from the David function (|3.32| ) which 
for the cubic potential (|3.39|) has the same qualitative properties as (|3.38|) ||105|1 . Thus the 
support contour in ( p.50|) can be taken as the counterclockwise oriented half-circle of radius 
2/\b\ in the first and fourth quadrants of the complex a-plane. The boundary condition (|3.44|) 
now follows from evaluating the correlator ^ = J da p{a)a with this distribution function. 

There are 2 critical points in this large-A^ matrix model, ai g = and g = gc, which 
separate 3 phases determined by the analytic structure of the function ( |3.47| ), i.e. the one-cut 
solution is a non-analytic function of x about x = and x = 1 where it acquires a square root 
branch cut. For x > 1 the solution 



6>i 



x,t) = - 



1/3 



1+ (2x-l + 2i/x(x- 1)) + ( 2x - 1 + 2i/x(x - 1) 



-1/3- 



(3.51) 



of ( 3.43| ) satisfies the Gaussian boundary condition b^lx = l,t) = t. When x < the real 
solution for b is 



t 



2x - 1 + 2Jx(x - 1) 



1/3 



2x - 1 + Jx{x - 1) 



-1/3- 



(3.52) 
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As X is varied between and 1, j3{x) has modulus one and phase which varies from vr to 
0, i.e. l3{x) = e**^^^^ where 



'2Jx{l-x)\ 

(x) = arctan -\ G [0, vr] (3.53) 



2x- 1 



The arctangent function in (|3.53|) is well-defined only up to an integral multiple of 27r, and 



the three real solutions for b are 



1 2Jx{l-x)\ 2mi 

1 + 2 cos < - arctan — 

^3 I 2a; - 1 



(3.54) 



where < x < 1 and n = 0,1, 2. The branch which matches ( |3.52| ) is the one with n = 1, 
whereas the branch which matches ( |3.51| ) is the one with n = 0. The branch with n = 2 does 
not connect with either solution. Any of these 3 branches can be used to define the one-cut 
solution ( ^.421 ). The free energy ( |3.49| ) is positive for all x G (0,1) for the n = branch, 



negative for all x G (0, 1) for the n = 1 branch, and for the n = 2 branch it is positive for 



< X < i and flips sign for the rest of the interval at x = ^. Thus the n = 1 branch in ( |3.54| ) 
is the ground state solution in the region < x < 1. 

The free energy associated with this stable one-cut solution is discontinuous across g = 0, 
and thus with this choice of branch in the regime < x < 1 the Gaussian point of this 
matrix model is a critical point of a first order phase transition. The other one-cut solution 
which is a perturbation of the Gaussian solution is metastable but can still be thought of 
as a valid solution of the model since the energy barrier between the stable and metastable 
one-cut solutions is infinite at = oo (the height of the barrier is of order A^^). Ordinarily, 
the infinite energy barrier prevents tunneling and also a phase transition from occuring |3^ 
0. However, if we restrict attention to one-cut solutions and follow them over the range of 
g, we must encounter a discontinuity of the free energy somewhere, i.e. a first order phase 
transition. 

This is similar to the situation in the Hermitian one-matrix model with symmetric poly- 



nomial potential of degree 6 There a phase transition occurs due to an infinite volume 
effect, as opposed to a large- A^ effect where the only possibilities could be second or third 
order phase transitions. There is also the possibility that the loop correlator ( p.40| ) evolves 
into a three-cut phase a.t g = 0, corresponding to a third order phase transition (see below), 
but there is no immediate indication of this since in the fermionic case the spectral measure 
p{a)da need not be positive. This possibility is also suggested by the exact form ( |3.40| ) of 
the loop correlator. Although the one-cut ansatz ( |3.42| ) is insensitive to a change in sign of 
g, the analytic properties of ( |3.40|) are affected by the passage through g = (i.e. the sign of 
the square root flips in order to satisfy the boundary condition ( p.26| )). The model therefore 
cannot be analytically continued to negative values of g, and the resulting peculiarities in the 
-^-expansion of the model are related to the occurence of complex-valued endpoints for the 

^In the Hermitian one-matrix model, instanton effects, which correspond to a single eigenvalue of the 
matrix model climbing to the top of the barrier, are responsible for the divergence of the perturbation series 
at large orders. These instanton effects are suppressed as e~'^'ys)N ^j-^g large- iV limit for fixed g > gc, but 
remain finite in the double-scaling limit. Thus the scaling behaviour of the m — 2 Hermitian one- matrix model 
corresponds to a complex solution of the Painleve I equation, and in this context the large-order behaviour 

can be understood in terms of an instanton calculation of barrier penetration effects. For details, see |37|. 



51 



support of the distribution function p. The existence of 3 phases in this matrix model and the 
possibihty of a first order phase transition at the Gaussian point (7 = are completely unlike 
what occurs in the conventional polynomial Hermitian matrix models |3^, or in Penner 
models |130|| [|. Notice, however, that the free energy ( |3.49| ) with the choice of stable 

branch for x G (0, 1) is continuous across the critical point g = Qc- 

The scaling behaviour of the matrix model in the vicinity of its critical points is determined 
by the string susceptibihty 

1 S^logZi 1 d 



(3.55) 



Ar2 dg^ 

where the correlator ( tr {jpipY) can be read off from the coefficient of the large-^ expansion 

of ( |3.42 ). The critical exponent 7str ^it each critical point (yf^*-* is defined by the leading non- 
analytic behaviour of ( p.55| ) p8| 

x{9.t)^s{9-9^^)-''^^ as g ^ gf (3.56) 

where denotes the most singular part of the function in a neighbourhood of the critical 
point. In terms of the scaling variable ( p.48| ), the susceptibility ( p.55|) is 

1 d (Mx -I) 4 ' 

3 dx 



9W{x,t) 
972 



t6(/?2/3 + ^l/3 + l)6 



9cb^ix,t)^ 



l-8x + 8x^ + 4. 



X 



X 



1 



1 - 3x + 2x' 



(3.57) 



From (|3.57|) we find that the leading singular parts of the susceptibility near each of the two 
critical points g = gc and g = are respectively 

15552 



X{x,t) 
X{x,t) 



X &s x 







11648 r- 

~5 ^ V 3^ 



3t6 



as X 



Both critical points therefore have string constant 

7str = -1/2 

which coincide with those of the usual m = 2 quantum gravity models ||71 



(3.58) 
(3.59) 



(3.60) 



In particular, this shows that with the choice of stable branch for x e (0, 1) the phase 
transition at the non-zero critical coupling g = g^ is of third order. Notice that the spectral 
density at this critical point is given by 



Pc(a) 




27ria 



(3.61) 



^In polynomial Hermitian matrix models criticality is the result of m zeroes of p{a) coalescing with one of 
the endpoints of supp p with string constant 7str ~ — 1/m. For generalized Penner models, in addition to this 
multi-critical behaviour there are critical points with 7str = for which logarithmic scaling violations occur 
[M and which are the result of the coalescence of two endpoints of supp p |l2l 



13C]. In these cases, the 



multi-critical coupling constants are negative and separate the unique one-cut phase from a multi-cut phase 
[ p5| Q . In the simplest symmetric case of a quartic plus quadratic interaction, the endpoint of the one-cut 
solution obeys a quadratic equation whose 2 solutions coalesce at criticality (as in the vector model of Section 

2 above). 
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where bc{t) = b{gc,t). For either the n = or n = 2 branches in ( p.54| ) we find bc{t) = 2t/3, 
and therefore a zero of p{a) at criticahty coalesces with each of the symmetrical endpoints of 
its support. The critical point g = Qc therefore enjoys all of the properties of a conventional 
m = 2 multi-critical point |7^. It represents a third order phase transition with string 
susceptibility exponent 7str = —1/2, at criticality the zeroes of the spectral distribution 
function coalesce with the endpoints of the cut, and the scaling behaviour of functions near 
this critical point coincides with that of the Hermitian one-matrix model with symmetric 
quartic potential. The 2 critical points of the fermionic one-matrix model, which arise as 
those points in parameter space where the cubic equation ( p.43|) which determines the one- 
cut solution acquires a double real root, provide information relevant to the perturbative and 
topological expansions of the theory. In the 2 phases outside of the region < x < 1 a unique 
one-cut solution with real free energy exist^, while in the phase x G (0, 1) a multi-cut solution 
as well as the multi- branch one-cut solutions can in addition exist. The scaling behaviours 
( 3.58 ) and ( 3.59| ) indicate that the 2 transitions into the multi-cut phase would both be of 
third order, while the transitions into the stable one-cut phase are of first and third order. The 
existence of a single-cut or multi-cut phase in the region < x < 1 is determined by which 
one of these 2 possibilities is in fact the vacuum state. It would be interesting to investigate 
this point further, although there is no immediate way to determine the various parameters 
of the three-cut ansatz due to the appearence of the unknown correlator ^ in ( |3.40| ). The 
appearence of this unknown variable is another one of the distinguishing analytic features of 
the fermionic matrix models. 



3.3.2 General Polynomial Potentials 

We now discuss the critical behaviour associated with higher order potentials. For simplicity 
we consider the chirally symmetric case where the potential (|2.15| ) is a generic odd polynomial, 
i.e. K, = g2k = for all k in ( p.l5|) , with K = degV^ > 3 an odd integer. The solution for the 
loop correlator is then 



K+1 



92k-1^2(k-l) 



1 

+ 2; 



k=l 

K+1 
2 



m+k<i^ 



1/2 



(3.62) 



4+ XI 92k-ig2m- 



iZ' 



2{fc+m-l) 



+ X/ 92{k+m)~1^2mZ 



2k 



\ 



k,m=l 



k,in=l 



where ^2m are the as yet unknown moments ^2m 
( |3.62| ) takes the form 



tr [ipipY"^ ^). The one-cut solution for 



u^iz) = --± ^^^(^=-1) + f g^z^-' + ± a2kz'' + b ^J^^ 



(3.63) 



V 



fc=i 



where we have fixed the sign in front of the endpoint parameter b by the same convention 
as before. The one-cut ansatz ( p.63| ) along with the general solution ( p.62| ) together involve 



^The solution of a Ricmann-Hilbert problem is always unique 
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K — 1 unknown parameters - b, the {K — 3)/2 polynomial coefficients a2k, and the {K — l)/2 
correlators ^2fc- 

These parameters can be found by comparing the various polynomial coefficients of (|3.62|) 
with those of (|3.63|) , which leads to the set of equations 

/ K-l 

o 



6^ + 8a2-b 



k=l 



( 



2b^ + 8604 + Aal - 6^ 



-ff-3 
2 



25'l5'3 + 92k+3^2k I = 
k=l 



K-2 



2bgKaK-5 + 80^-3 -bYl 92k-ig2K-2k-3 = 

k=l 
K-l 

2b^gKaK-3 + '^Qk -b'^Y^ g2k-ig2K-2k-l = 



k=l 



( 



2b^aK-3 + 8gK-b 



K~l 
2 



gx^ + Y g2k-igK-2k = o 



V 



k=l 



K+1 
2 



2b^gK + 8bgKa2 - b"^ Y g2k-igK-2k+2 = 

k=l 

When K > 7 we have in addition the sets of equations 

m-2 

2b^a2{m-l) + 8ba2m + 4a2a2(m-l) + Y (b^ (^2kO'2{m-k-l) + 4a2fea2(m-fc)) 
^ m. 



k=l 



K + l-2m 
2 



g2k-ig2{m-k)+l + X! g2{m+k)-1^2k — 



k=l 



k=l 



for 3 < m < ^^77-^, and 



2 ' 



m-2 



2b'^gK 0.2m- K-l + 8ba2m-K+l + 51 02k02{m-k-l) 

k=l 

m—1 m 

+ 4 ^ a2ka2{m-k) ~ b Y fl'2fc-lfi'2(m-fe)+l = 



fc=l 



fc=l 



for 



K+3 



<m< K -3. 



(3.64) 

(3.65) 

(3.66) 
(3.67) 

(3.68) 
(3.69) 



(3.70) 



(3.71) 



(|3.64|) -( ^.71|) yield a complete set of equations for the K — 1 unknown coefficients of 
the one-cut solution (|3.63|) in terms of the coupling constants of the potential ( p. 151) . The 
parameter b can alternatively be found from the contour integral (|3.27| ) which leads to a i^'-th 
order equation for b 



K+l 

2 ( -\ \knk—l I 



A;=l 



{k-l)\ 



(3.72) 
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Since K is odd this equation always has a real solution, and as before the one-cut solution 
can always be constructed. The spectral density is 




p(a) = ^ I gxa^ ^ + o-^ka^" h/ 1 + liz^ J " G supp p (3.73) 
The first {K — l)/2 moments of this distribution function are given by the solutions to ( |3.64| )- 



(Km 



In general (|3.72|) will acquire multiple real roots at some coupling (^ffc-i which will be a 
critical point of a third order phase transition with string constant 7str = —1/2. We expect 
that the phase with multiple real roots will be bounded by other coupling constant values so 
that the model will contain several critical points corresponding possibly to different order 
phase transitions. Notice that since the potential now depends on more parameters, we can 
adjust them in such a way that m — 1 regular zeroes of ( p.73| ) coalesce with a cut end-point 
±2i/b at criticality for the same critical coupling g2k-ii i-^- so that 

p,(«)~(a2 + 4/62)— 1/2 ^3 74) 

where we neglect possibly other irrelevant zeroes. (72/0-1 will then be an m-th order multi- 
critical point [^, ^ with susceptibility exponent 

7str = -l/m (3.75) 



3.4 The Topological Expansion 

The fermionic one-matrix model possesses a novel critical behaviour which includes the usual 
multi-critical behaviour that occurs in Hermitian one-matrix models, and furthermore, in the 
case of the simplest symmetric potential, there may also be a first order phase transition at zero 
coupling. This would imply that the perturbative expansion of the theory in g has a preferred 
direction through values of the coupling with a definite sign (corresponding to — sgn t). It 
means that perturbation theory near the Gaussian point (7 = does not correctly reflect 
the properties of the theory when g is small and negative and this fact is important for the 
interpretation of the fermionic one-matrix model as a statistical theory of discretized random 
surfaces (because then the model cannot be continued to values of couplings with sgn g = 
— sgn t). As mentioned before, this effect seems to be merely an artifact of the fermionic 
nature of the matrix degrees of freedom here. The other critical point, which is the usual 
m-th order multi-critical point with third order phase transition and string susceptibility with 
critical exponent 7str = —l/m, gives the continuum limit of the topological genus expansion 
relevant to string theory. In the Hermitian case, this continuum limit corresponds to D < 1 



modes of pure 2-dimensional quantum gravity pq , |f^ . We shall now examine the topological 
-^-expansion of the fermionic one-matrix model, which determines explicitly the number of 



'tHooft diagrams of a given genus, and present the argument |]T2| indicating why one expects 
that this results in a genus expansion which is an alternating series but otherwise coincides 
with the usual Painleve expansion p8| (but otherwise no conclusive argument is available as 
of yet). 



The crucial point of the argument is the identification of the fermionic matrix model ( |1.62| ) 



with the generalized Penner model (|1.75|) and the fact that the multi-critical points of the 
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adjoint fermion model belong to the same universality class as those of the Hermitian one- 
matrix model with the same potential V |T^, |101|| . In particular, the value of 7str for the 
m-th multi-critical points is the same to all genera (i.e. powers of l/N"^) in the 2 models 



12|. However, we expect that the fermionic genus series alternates relative to the Hermitian 



case because the branch points of the one-loop correlator ( ^.2^ ) are complex-valued in the 
fermionic case. Using the usual identification with the Penner matrix model, it follows that 
the moment functions 

M = I — - 2/w T = I ^ y^w) - 2/w 

^ Jc2m (^-a2)'=+i/2(^^-ai)V2 ' Jc 27ri - a2)i/2(ty - ai)^+i/2 ^'^''^^ 



defined for k > can be used to determine the critical points of the matrix model [^. We 
restrict attention as above to a generic chirally symmetric potential, so that 02 = — ai = iy 
where y = 2/\b\ e IR^. From ( p.23| ) and (|3.26|) it follows that the 1-cut ansatz for the loop 
correlator is 

iu{z) = -- V\z) + M{z)^z^ + 1/2 (3.77) 

where 

M(.) = / 1 V'(z) - V'M + 2/^ - 2/. 

Jc2m z — w \Jiir^y^ 

and 2;M(z) is a polynomial of degree K — 1. The algebraic coefficients of ( p.78| ) can be found 
by calculating the residue of the contour integral there at infinity (see the last Subsection). 
At an m-th multi-critical point, m — 1 zeroes of M{z) coalesce with the branch point y. From 
( |3.26| ) we then have 

d''-^M{z] 



k > 1 (3.79) 

z=iy 



and so the condition for the m-th multi-critical point is equivalent to the requirement that 



m 

Miiiy,) = M2{iyc) = ... = Mm-iiiyc) = , Mm{iyc) ^ (3.80) 
where yc denotes the endpoint parameter y at criticality. 

In the case at hand, the moment functions in (|3.76 ) are related by 

Mfc = (-l)Vfc (3.81) 

and moreover we have 

Mk = {-ifMu (3.82) 

where 

r dm 1 9 

^0 Jc2m {w-yf+^/^{w + yy/^ y{-yr 

is real-valued. In particular, the 0-th order moment function is 

M,= i:(-l)"«9.„«^^y^" + ^ (3.84) 
and the higher order moments are related to it by 



2^ Qk 

{2k - 1)! da2 



k > 1 (3.85) 

a2=—ai=iy 
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We also introduce the cut parameter 

d = a2 — ai 

which in the present case is purely imaginary 

d = 2iy = id 

The free energy Fp = ^ log Zp admits the genus expansion 



CO 

h=0 



h 



(3.86) 
(3.87) 

(3.88) 



where the genus free energy Fq is given by ( p.31| ). From (|3.14|) it follows that the one-loop 
correlator u^z) has the genus expansion 



OO 

7 

h=0 



(3.89) 



where 



J''\z) = N^C{z)Fh (3.90) 

The higher genus contributions to the single-loop correlator are obtained by iterating the 
genus zero contribution uj^^\z) (i.e. the N = oo solution to ( p.l8| )). Substituting the genus 
expansion (|3.89|) into (|3.18| ) and equating the coefficients, we obtain an iterative equation 
for h > 1 



-z (2J'\ 



z)J''Hz) 



+ J^'\z)J^-^'\z) + N'C{z)J^-'\z)] 

h'=l J 



+2j'^\z)+i—^^^u^^\X) = 
Jc 27ri z — A 



(3.91) 



which determines u'-'^\z) entirely in terms of uj^'^'\z) with h' < h. The solution uj'^^\z) to 
(|3.91| ) can be expressed in terms of 2 • (3/i — 1) lower moment functions (|3.76| ) [jl4[. 

For instance, to find uj'^^\z) in the one-cut phase, from ( |3.35| ) we have 

1 (ai - 02)^ 



C{Z)UJ^''\Z)=UJ2{Z,Z) 



m 16{z-aiy{z-a2y 



and so ( p.91| ) for /i = 1 yields 

1 



J'\z) 



dw 



lai - a2 



^ {z - ai){z - a2) 27ri {w - z)M{w) 16{w - a^yiw - 03)^ 



(3.92) 



(3.93) 



which is unambiguous provided that it is analytic at the zeroes of M{z). After some algebra 
it can be written as [0 

11 11 



^dM, ^(^z-a{){z-a2f ^^J, ^ {^^ - a{)\z - a2) 

^ 1 I 1 M2 

I6M1 \^{^z-a^){z-a2Y> MM^^ {z - ai){z - a2Y 

16^1 \ J(z-aiY{z-a2) MJiJ {z - a^^^z - a2) 



(3.94) 
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In the case of the cubic potential ( |3.39| ) we have 

M{z) = {gz^ + h)/2z 



so that (|3.93|) is 



u^^\z) 



V 



'^giz?' + -p^)^ z^ + \ {z'^ + y 



2\2 



(3.95) 



(3.96) 



which is manifestly analytic at z'^ = —p^ = —h/g. After some rewriting, it can be checked 
that the terms in ( p.94| ) can all be expressed in terms of the loop insertion operator C{z) 
acting on some quantities, and that the genus 1 free energy determined from (|3.9CI|) is 



Fi = — log Ml + — log Ji + - log d 
24 ^ 24 ^ 6 ^ 



(3.97) 



This method of iterative solution can be carried out order by order in the -^-expansion. 

The general structure of the terms in the topological expansion ( p.88|) as found from 
(|3.9CI| ) has been studied in detail by Ambj0rn-Chekhov-Kristjansen-Makeenko and they 
have shown that the higher-genus terms can be written symbolically in the form 



Fh-- 

where h> 1 and 



Yl '("1' 



as] Pi,..., Pi\a, (3, -f)h fh{ai, . . . , a^; A, • • • , Pe] a, P, l) (3.98) 



A(ai 



^as;Pi,...,Pi;a,p,-f) 



M. 



"1 



Pi 



(3.99) 



The brackets in ( p.98| ) are rational functions of the non-negative integers a, P and 7, the 
indices and Pj lie in the interval [2, 3/i — 2], and /i — l<7<4/i — 4. The prime on the 
sum in (^.98|) means that the summation is over the sets of indices obeying the restrictions 



s -a < 



a 



a 







/3 < , i = p 



P = Q (3.100) 



a 



s + i3-i = 2h-2 



E 

i=l 



l) + ^(/?,-l)+7 



4/1-4 



(3.101) 



The first relation in ( p.l01|) follows from the invariance of the partition function Zp 



eSh^^ ^''^h under simultaneous rescalings of and the spectral density p, N ^ X ■ N, 



p ^ jp. The second relation in (|3.101| ) follows from the invariance of Zp under the rescalings 
N —y ■ N, gj —>■ X^~'^ ■ gj. The restriction of the integer 7 to the range h — !<'-/< Ah — 4 
is a consequence of the double-scaling limit of the Hermitian one-matrix model in which 



A 



(2-7etr)(l-/l) 

R 



(3.102) 



where A^ ~ x is the renormalized cosmological constant. 

In the Hermitian case, the higher genus coefficients can be related to intersection indices 
on the moduli space and the virtual Euler characteristics of the discretized moduli space 
of compact Riemann surfaces [|T^. This follows from the identification of the Hermitian 
one-matrix model with the Kontsevich and Kontsevich-Penner matrix models which all have 
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the same double-scaling limits. In this way, the topological expansion can be related to 
the intersection indices represented by Kontsevich matrix models which relate the 1-matrix 
models to topological gravity |^ (see the next Subsection) in terms of a discretization of 
moduli space similar to that used to define the virtual Euler characteristic for Penner matrix 
models (c.f. Subsection 1.2.1). Given the genus h contribution to the free energy ( ^.88| ) the 
genus h contribution to any connected correlator can be found from ( ^.141 ). We refer to 
for the technical details of this iterative determination of the free energy ( ^.981 ) and its relation 
to the Kontsevich matrix model. 



Substituting the relations j ^Ml , i ^M) and ([CTP into j ^M) we find 



fh 



;("+/5-E:=i">-E,tift-7) 



fh 



where fh is real- valued and is defined from fh by replacing Mk, Jk and d by Mk, Jk 
and d in ( p.99| ). Using the restrictions ( p.l01| ) we then find that 



(3.103) 

'-ifMk 



(3.104) 



where is real- valued and is defined from Fh by replacing fh by fh in ( |3.98| ). ( ^.104| ) shows 
that the fermionic free energy alternates in sign according to genus in some sense. To show 
that it alternates relative to the Hermitian case, we need to determine the scaling behaviour 
of Mk near the critical point. 

For example, for the cubic potential (|3.39|) , consider the moment functions ( p.76|) near the 
m = 2 multi-critical point Qc = 2t^/27 f\ Expanding the boundary condition (|3.27| ) to leading 
order in y — after some algebra we find that it can be expressed as 



3M2{iyc)yciy - Vc 



-Ax 



(3.105) 



which is similar to the scaling behaviour in the Hermitian one-matrix model with the same 
odd polynomial potential (i.e. ( |1.75| ) without the logarithm term) |]T2|, 
moment functions of interest have the leading order scaling behaviours 



38 . Moreover, the 



M2 = ^-gc = -2gc<0 , Mi = M2ityc)iy - yc) = -2gciy - yc) > 



Vc 



and 



4 = 2y^>0 



(3.106) 



(3.107) 



Since ( p.l06|) and ( p.l07| ) have the same signs as Mi, M2 and d for the corresponding 

it follows from ( p.l04|) that the topological expansion 



m 38 



asymmetric Hermitian model 
(|3.88| ) about the m = 2 multi-critical point is an alternating series relative to that of the 
Hermitian one-matrix model with the same potential. Aside from this alternating nature, the 
genus expansion (|3.88|) resembles the usual Painleve expansion (for suitable normalization 
of the cosmological constant). It is expected that this is also true for general higher-order 
multi-critical points, and thus it is conjectured that the genus expansion ( p.88| ) about an m-th 
order multi-critical point in the scaling limit alternates according to 



\h~l T^H 



(3.108) 



'^This critical point and the value yc can also be found from the moment condition ( |3.80 ). 
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where is the genus h contribution to the free energy of an m-th multi-critical Hermitian 
model obtained from a symmetric potential. Being an alternating series the topological ex- 
pansion of chirally symmetric fermionic one-matrix models may be Borel summable and thus 
these matrix models provide some novel worldsheet discretization of the string theory. How- 
ever, it should be expected that the double- scaling limit of the fermionic one-matrix model 
differs from that of the Hermitian one-matrix model by more than just signs. For instance, 
the alternating nature of the genus expansion above is no longer true for generic (non-chirally 
symmetric) fermionic potentials V{il)il)) |jl2| (essentially because the cut endpoints do not lie 
on the imaginary axis in these cases), whereas in the Hermitian case it is well-known that 
the generic matrix model free energy coincides (modulo a factor of 2) in the continuum limit 



with that of a reduced matrix model ^ ^]. The topological expansion of the fermionic 
one-matrix model therefore represents a rather unusual random surface theory which deserves 
future investigation. 



3.5 Virasoro Algebra Constraints and Integrable Hierarchies 

The loop equation ( |3.18| ) for any polynomial potential V{ipip) = J2k>o 9k{i^i^)'^ can be rep- 
resented as a set of discrete Virasoro constraints imposed on the partition function ( |1.62| ). 
From ( |3.14| ) and ( p.l5| ) it follows that the expansion of ( |3.18[ ) in 1/z can be written as 



1 °° 1 



where the differential operators 



^1 ogk+n ^ dgkdgn-k ogn 

generate the discrete c = Virasoro algebra 

[Ln, Lm] = {n- m)Ln+m (3.111) 

The loop equation ( ^.18] ) is therefore represented by the Virasoro constraints 

L„Zi = , n>0 (3.112) 

These Virasoro constraints resemble those of the complex one-matrix model (|1.87|) ||92|| . Notice 
also that by definition we have the additional constraint 

-^Z^ = N'Z, (3.113) 
dgo 

It is instructive to see precisely what symmetry of the fermionic matrix model the operators 
(|3.110|) represent for each n. They are associated with the invariance of the partition function 



1.62| ) under the infinitesimal shifts 

ij ^ + eifjiijifj}" , n>l ; ip ^ ip (3.114) 
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of the fermionic variables, under which the potential V in ( 



1.62| ) changes by 



k>0 



k>0 



k>n 



(3.115) 



This variation in the partition function ( |1.62D is represented by the action of the operators 

Ln = E k9k^ (3.116) 

on the partition function Zi. The operators represent the "classical" invariance of Zi and 
are the usual classical generators of the Virasoro algebra ( p.lllj ) (or, more precisely, of the 
Borel subalgebra of the full Virasoro algebra). The integration measure in ( |1.62| ) under the 
shifts ( |3.114|) changes by 



d%lj dip ^ dip dip ■ det 



dip dip ■ 1 + e tr 



d{ip + eipiipip)"") 



dip 

djipjipip)'') 
dip 



(3.117) 



# # ■ 1 + 2e tr (V'V')" + e E i^^)^ (^^) 

V k=0 



n—k 



which is represented by the action of the last 2 terms in (|3.110|) on Zi and which can be thought 
of as encoding the "quantum corrections" to the classical Virasoro generators ( p.ll6| ). The 
fermionic Virasoro operators ( |3.11CI| ) differ from the standard bosonic ones in the last derivative 



operator 2^ which is absent in the scalar cases [92 



The loop equations of the fermionic matrix model represent the full set of Ward identities 
(or equations of motion) of the model. The completeness of these sets of equations is reflected 
in the fact that the Virasoro operators ( ^.IIUD form a closed algebra ( |3.111| ). The advantage 
of representing the loop equations of the matrix model in terms of Virasoro constraints is that 
it represents an invariant formulation of the partition function Zi, i.e. Zi is determined as a 
solution of this set of compatible differential equations. From this point of view one can now 
compare these with other solutions to the Virasoro constraints, for example those which arise 
naturally from free fermion or free boson conformal field theory ||6l|, or Kontsevich integrals 
[]38| , |112| , |114|| . In the former case this implies a certain string theoretical duality, between 2- 
dimensional world-sheets and the spectral surfaces which are associated to the configuration 
space of the string theory. The analysis of the uniqueness of such representations of the 
Virasoro constraints partitions the solutions into universality classes which can be used to 
relate these models to the multicomponent KP and Toda-chain integrable hierarchies ||77|| . 



In this case they also yield an alternative way of studying the double-scaling and continuum 
limits of the discretized random surface theories [^, |102|| . Furthermore, the intersection 
numbers on the (compactified) moduli space of compact Riemann surfaces in 2-dimensional 
topological gravity are known to be related to a number of recursion relations which are 
equivalent to the Virasoro constraints of Hermitian 1-matrix models in the continuum limit 
The similarities between the Virasoro constraints in the fermionic case and 
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the bosonic ones are another indication of the relation between the adjoint fermion 1-matrix 
models and 2- dimensional quantum gravity. It still remains an unsolved problem, however, 
as to what this precise connection really is. 

Nonetheless, the loop equations are precisely just the above set of Virasoro constraints 
imposed on the partition function Z^. In the continuum limit, this Virasoro symmetry would 
then represent the underlying conformal invariance of the associated random surface theory, 
and it allows one to identify the proper continuum (double-scaling) limit partition function 
with the correct continuum Virasoro algebra invariance |^ . It would be interesting to relate 
the continuum loop equations of the fermionic one-matrix model more precisely to the tech- 
niques of exactly solvable integrable systems (e.g. the KdV or KP hierarchies) ^ |67[1 , 



and also to Witten's approach |^2|, [135|| which is based on the interpretation of the double 
scaling limit of the matrix model as a topological quantum field theory so that the problem 
is reduced to the calculation of intersection indices on moduli space. It would also be very 
interesting to find a relation, based on the Virasoro algebra constraints, between the adjoint 
fermion one-matrix model and conformal field theory (e.g. in the Hermitian case the one- 
matrix model can be represented in terms of correlation functions of a D = 1 conformal field 
theory pg, HI 



i.e. a Gaussian field theory of a free scalar field). 



4 Adjoint Fermion Two-matrix Models 



The simplest higher-dimensional generalization of the D = dimensional model ( |1.62[ ) is 
a non-dynamical gauge theory minimally coupled to a fermionic two-matrix ensemble. The 
partition function of the two-matrix model is 



\dlJ\ [ di^ dijj dx dx e^l^'^'^'^'^1 



with action 



S[ilj, ij, X, X; U] = tr [tfjUxU^ + xU^^U + V{^^) + V{xx)) 



(4.1) 



(4.2) 



where [dU] is Haar measure on the unitary group U{N) and V and V are independent poten- 
tials. The fermion fields ip, ip, x and x ai'e independent NxN Grassmann- valued matrices and 
the partition function (|4.1| ) describes staggered self-interacting Dirac fermions which interact 



with a gauge field on a D = | dimensional lattice (i.e. a single link shared by 2 fermions) and 
which transform under the adjoint representation of the gauge group U{N). Using a gauge 
transformation (see below) the unitary matrices in ([4.1|) can be eliminated and one is left with 



the natural fermionic analog of a Hermitian two- matrix model [3S, 101 1. Just as the fermionic 



one-matrix model provides some novel random theory of discretized quantum gravity, the 
adjoint fermion two-matrix model ( |4.1| ) will yield some novel random theory of discretized 
gravity interacting with some type of matter. It may be that these matter fields are not 
restricted by the D = 1 conformal barrier as they are in the Hermitian cases, and one might 
therefore obtain a matrix model representation of strings in D > 1 dimensional target spaces. 
Alternatively, the Grassmann integrals over the fermion matrix fields can be performed leav- 
ing an induced gauge theory. This will be discussed in the next Section where we consider the 
generalizations of ( [4.1| ) to arbitrary dimensions, i.e. the analog of the Kazakov-Migdal model 
using (adjoint) fermions Q ^, [TUT|, |TU^, |TTU|, 
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The model defined by ( [4.1| ) possesses a number of symmetries wliicli follow from the 
invariance properties of the Haar measure. It is invariant under the gauge transformation 

U^V^UW , {ij,ij)^{V^ijV,V^V) , {X,X)^{W^XW,W^XW) (4.3) 

where {V, W} G U{N) ® U{N). The model also has the U{1) gauge-symmetry 

U ^ZU (4.4) 

where Z is an element of the center of U{N), i.e. a unimodular complex number. This 
symmetry implies that any correlator of the theory must contain the same number of U and 
f/^ matrices. The U{1) phase invariance of ( [4.1|) 



^) ^ ( e^'^, e-^'^) , ix, x) - ( e^'x, e'^^) (4.5) 

leads to fermion number conservation in the gauge theory, i.e. any correlator of the matrix 
model must contain the same number of fermion and conjugate matrices. 

In the symmetric case where V = V the charge conjugation 

f/^f/t , (^,^)^(;^,;^) (4.6) 

is a symmetry of the two-matrix model and it implies equality of a large number of correla- 
tors of the model. When both potentials V and V in (|4.2| ) are odd polynomials, the chiral 
transformation 

^^^^)^^^^-^) , {X,X) ix,-x) (4.7) 
is a symmetry and as before it implies that all even iptp and xx nioments vanish, 

( tr i^P^py^) = { tr ixxD = (4.8) 



where the normalized averages are now with respect to the statistical ensemble (|4.1| ). In the 
S2-symmetric case when V = —V is an odd polynomial potential the charge conjugation 

U^U^ , (V;,^)^(x,-x) , ix,x)^i-i^,^) (4.9) 
is an invariance of the model ( [4.1| ) and it relates the non-vanishing i/jip and xX nioments by 

{ti{ijijy'+') = -{tiixX?'^') (4.10) 
Another important symmetry in this case is the composition of the charge conjugation in- 



variance (|4.9|) and the chiral symmetry ([4.7| ) which leads to a mixed symmetry among the 
more general correlators of the two-matrix model ( |4.1| ). As before, even though the fermionic 
matrices in ( |4.1| ) cannot be diagonalized the fermionic two-matrix model leads to solutions 
analogous to those of Hermitian two-matrix models. 



4.1 Loop Equations 

The most general generating functions for the correlators of the two-matrix model ( ^.1| ) are 
those which generate all possible observables respecting the symmetries ( [4.3| )-( ^75D . We there- 
fore introduce the even-even two-point correlator 

g{z, w) = (tT ^^f/^_f/t\ (4.11) 

\ z-^'ip w-xx 
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and the odd-odd two-point correlators 

n{z, w) = lti ^^^f/^—xf/A (4.12) 

}C{z, w) = (tT -^—^Ux^^U^) (4.13) 
\ z-ipip w-xx I 

We also have the usual generating functions for the ipip and XX moments 

^W = (tr^y-\ , u{w) = lti ^\ (4.14) 

When is finite these functions are all analytic in the punctured complex plane. 
The even-even correlator has the asymptotic expansions 



where 



Gn{z) = (tT -J—U{xXy^U^) , Gniw) = ( tl (^5^)" f/^—f/t \ (4.16) 

\ z-'^ip I \ w-xx I 

Similarly, the odd-odd correlators have the asymptotic expansions 



n=0 ^ n=0 ^ n=0 ^ n=0 ^ 



where 



nn{z) = / tr ^^—UixxTxU'^) , iiniw) = / tr ^(^^)"f/^_^t/t\ 
\^-W / \ w-xx I 



and 



(4.18) 



/C„(z) = ( tr -^^i,Ux{xxrU^) , ICniw) = ( tr (^^)>f/x^— f/M (4.19) 

/ \ w-xx 



The various symmetries ( |4.6| )-( |0| ) imply some noteworthy relations among these gener- 
ating functions. For example, in the symmetric case V = V we have the symmetries 

g{z,w) = g{w,z) , )C{z,w) = -n{-z,-w) , u}{z) = u{z) (4.20) 

When the potential = — is an odd polynomial, we have the symmetries 

g{z,w) = g{-w,-z) , niz,w) = n{w,z) , ic{z,w) = -ni-z,-w) (4.21) 

and the vanishing of the even moments in this case further implies that 

uj{z) +Cd{z) = 2/z (4.22) 
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An important observable when the two-matrix model ( [4 .11 ) is viewed as an induced gauge 
theory is the pair correlator of the gauge fields 



—Cij5ii5jk 



JJ- Jr 



(4.23) 



where the delta functions on the left-hand side of (|4.23|) arise from the gauge invariance of 
(|4.1| ). Unitarity implies that it obeys the sum rule 



^ N N 
1=1 J=l 



(4.24) 



In the Hermitian case, when V = V the pair correlator Cij = A^(|f/ijp) can be computed from 
the double discontinuity of the scalar version of the generating function ( ^.llj ) using 

C{a,f3) 



g''{z,w) = ( tr 



z — (p w 



da p{a) / d(3 p{(3) 



[z — q){w — /?) 



(4.25) 



since there it depends only on the moments of powers of the Hermitian fields This 
is not the case for the adjoint fermion matrix ensemble ( |4.1| ) because it involves a larger set 
of fermionic correlators than just those of the type ( tr {ipip)"') and ( tr (xx)") (fo^' instance 
one needs to know the correlators of the form ( tr ip^'il)"')) . There does not appear to be 
any direct way to generate these observables from the loop equations. Moreover, there is no 
known analog of the Itzykson-Zuber formula for the integral 

I[^P,X]= [[dU] e^' ('^^^^'^ 



(4.26) 

when ip and x are Grassmann- valued matrices that transform under the adjoint representation 
of U{N). In the Hermitian case the knowledge of the explicit form of ([4.26|) at least allows 



one to formally determine Cij using saddle-point methods |47 



For the fermionic matrix chain ( ^.1| ), factorization and symmetry imply that the correlators 
( |4.11| )-( |4.13| ) and ( |4.23| ) generate the complete set of observables of the model at iV = cx). 
The loop equations for the correlators ( [4.11| )-( p:.13| ) can now be derived as before and they 
will involve sets of mixed equations for the even-even correlator with either of the odd-odd 
correlators. The loop equations involving the generating function ( |4.12| ) are as follows. The 
first one follows from the identity 



[dU] / dijj dip dx dx 



d 



1 



z — ipip w 



1 



Expanding ( 4.27|) into averages and summing over i 
1 1 / 1 



^s[^ij,^,x,x;U] 







tr 



-U- 



+ ( ti ip 



ipip w-xX 
1 1 



-u- 



z-ipip w -XX 



xu^) + 



tr tp- 



tr ip 



Ipip 
1 



XX 
-- k,j 

ip tr 
-U- 



kl 







(4.27) 



t as before leads to 

^ -u- ^ 



z-ipip w-xx 



UW{ipip)ip^ 



z-ipip w-xX 
1 



(4.28) 



which at = cxD, when factorization holds, gives 



(2 - zu{z)) Giz, w) + niz, w)+<f ^ Yll^g^x^ ^) = o 

Jc 2m z — A 



(4.29) 
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where the contour C encircles the singularities of Q{z,w) with counterclockwise orientation in 
the complex 2;-plane. Writing the same sort of equation for x instead of 



j [dU] j dip dip dx dx 



d 



dx 



c/t- 



1 -u- ' 



z-ipip w-xx 



X 



,S'[t/.,t/i,x,x;(7] 



k£ 







(4.30) 



leads to the N = oo loop equation 



(2 - wu{w)) g{z, w) + n{z, w)+<f^ Yll^g^z, A) = (4.31) 

Jc 2m w — A 

Two more loop equations involving the two-point correlators ( |4.11| ) and ( |4.12| ) follow first 
from the identity 



[dU] / dip dip dx dx 



d 



dipi 



' -u- ' 



z-ipip W-XX 



xu^ 



kl 







which leads to 



u{z)n{z, w) - uj{z) + wg{z, w)-l ^ Yl^y^^x, w) = Q 

Jc Z-Kl Z — A 



at large- iV. Finally, we analogously have the identity 



j[dU] J dip dip dx dx 



d 



dXij 



U^ip 



-u- 



z-ipip w-xX, 



kl 



(4.32) 



(4.33) 



(4.34) 



which yields the large- loop equation 



u{w)H{z, w) - Co{w) + zg{z, w) - i — ^-^^H{z, A) = 

Jc 2Txi w — X 



(4.35) 



A similar set of loop equations involving the odd-odd two-point correlator }C{z, w) instead of 
T-C{z,w) can also be derived as above with the obvious modifications. 

These loop equations could also have been obtained from the Schwinger-Dyson equations 
expressing the invariance of the fermionic integration measure under arbitrary changes of 
variables and the symmetries of the Haar measure [dU]. For example, denote the generators 
of U{N) by T"", a = 1, . . . , N"^. They obey the completeness and normalization relations 



tr T'^T^ = 5° 



(4.36) 



a=l 



We can then represent the Grassmann-valued matrices ip as 



iP = J2 T"^" where ip" = tr T> 



(4.37) 



a=l 



The first loop equation ( 4.29] ) then follows from the invariance of the integration measure in 
the vanishing correlator 

/ tr T> — ^—U ^?7M = (4.38) 

\ z-ipip w -XX 
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under the field transformation 

^P^tP + e^T" (4.39) 

witli infinitesimal parameters. The vanishing of ( [4.38| ) is a consequence of the Grassmann 
integrations in ( [4.1| ) and gauge invariance. ( ^.29| ) now follows explicitly by performing the 
shift ( [4.39| ), using the invariance of the integration measure to get 



^ J [dU] J # dij dx dx T,l 



d 



1 



-U- 



z-ipip w -XX 



-f/t 



kt 



arpa 



(4.40) 



and then summing over a = 1, . . . , iV^ using ( [4.36|) and calculating the derivativ es 
other 3 loop equations follow from the invariance conditions analogous to ( 4.38| ), ([4.39|) | 101 



The 



The loop equations (|4.29| ) and ( |4.33| ) can be combined to give an equation which determines 
the one-loop correlator (2). Substituting into these loop equations the asymptotic expansions 
( |4.15| ) and ( [4.17|) in 1/w and equating the coefficients of we get recursive relations 
determining Qn{z) and Hn{z) in terms of uj{z) 



Hniz) = {zu{z) - 2) g^z) -i^ Yli^g„(X) 

JC iTll Z — A 

^n+l(^) = / ^ -^^-^^^n(A) -Uj{z)Un{z) , Qq{z) \ 
JC ITII Z — X 



UJiZ 



(4.41) 



(4.42) 



The equation determining uj{z) now follows from expanding the loop equation ( [4.35|) in 1/w 
using ( ^.15| ) and ( [4.17] ) and keeping only the leading-order term in 1/w, 



r d\ ~ 

zuj{z) = 1+ i — 1 V'{X)Xn{z,X) 
JC 27n 

When the potential \^ is a polynomial of degree K 

V{w) 

the equation ( |4.43| ) becomes 



(4.43) 



^ a 



K 



ZUO[Z] 



1 + ^9kHk-i[ 



(4.44) 



(4.45) 



fc=i 



and it involves K unknown functions which are determined by the recursive equations ( 4.41 



and (|4.42| ). The equations that determine oj{z) in this case lead to a (2i^)-th order polynomial 
equation for the one-loop correlator uj{z). When in addition the potential y is a polynomial 
(|2.15| ), the contour integrals in ([4.41|) and ( [4.42|) 



are 



d\ V\X)X , 

r TT" ^^n{X) 

c 2,1X1 z — X 



dX V'{X)X ^ 
- 7r~ ;-'^n{X) 

C ZTTl Z — X 



-V\Z)ZG^{Z)+Gn{z) 



-V\z)znn{z)+H^{z) 

where Gn{z) and Hn{z) are polynomials of degree K — 1 



K m-l 

Gn{z) = g-m Gm-p-l,n^ 

m=l p=0 



K m-l 

Hn{,Z^ ^ ^ Qm ^ ^ T~(-m—p—l,nZ^ 
m=l p=0 



(4.46) 
(4.47) 

(4.48) 
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and 

g,n,n = ( tr {i,i,ru{xxru^) , nm,n = ( ti i^ii^i^Tu {xxTxU^) (4.49) 

are the coefficients of the asymptotic expansions 

5«W=EpSf . «..W=E^ (4.50) 

m=0 ^ m=0 ^ 

An identical set of asymptotic equations determining Cj{w) can also be written down and they 
correspond to interchanging tilde and un-tilde quantities in the above in the obvious way. 

Once the single-loop correlators are known they can be substituted back into the original 
loop equations and the even-even and odd-odd two-point correlators can be found. In the case 
of the polynomial interactions above, the contour integrals appearing in the loop equations 
can be determined as 

d\ V'{\)\ ^ 



/ ^ i-^^(A, w) = -V\z)zQ{z, ^) + ^ ^ Q^^,^A^)z^ (4.51) 
r fix V'(\)\ ~ ^ 

f ^ = -V'{w)wg{z,w) +Y.~9mY. Qm-v-AA^' (4.52) 



dX V'{X)X 

yyz,A)=—v yw)wyyz,w) -\- 

m=l p=0 

and similarly for the integrals involving T-C{z,w). 



4.2 The Gaussian Model 

The asymmetric Gaussian potential 



V{z) = -V{z) 



mz 



(4.53) 



describes a free Dirac fermion of mass m on a lattice in D = ^ dimensions. (|4.45|) is then 



zuj{z) = 1 — mTCo{z) 



(4.54) 



where from ([4.41| ) 

TLq^z) = {zLj{z) — 2)uj{z) + mzuj{z) — m (4.55) 

The equation determining u}{z) is quadratic and it is the same as the loop equation for the 
Gaussian one-matrix model (|2.46|) with t = t^ where 



m ± 1/m 



(4.56) 



The one- loop correlator uj{z) is therefore given by (|3.36|) with this definition of t. The corre- 
lator u}{w) is then determined by ( [4.22| ). 

The even-even correlator Q{z^w) can now be determined by subtracting the loop equa- 
tion ( [4.31|) from ( |4.29|) , using (^4.51|) and (^3^), and substituting in the one- loop correlators 
obtained above. We find 



Qiz.w) 



t-{z + w) + J4 + t\z^ + V4 + t\w^ 



(4.57) 
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which when substituted back into ( [4.29| ) gives the odd-odd two-point correlator 



7^(2;, w) 



tJz + w) + J A + tlz"^ + J A + t'iw 



/-2 „,,2 



(4.5^ 



The remaining generating function IC{z,w) is given by ( 4.21 ). It is easy to see that these 
correlators are non-singular for any z and w and obey the appropriate symmetries ( [4.21[ ). 



4.3 Cubic Interaction Model 

The simplest non-Gaussian model is associated with the asymmetric cubic potential 

V{z) = -V{z) = mz + -z^ 

3 



In this case the asymptotic equation ( [4.45| ) is 

zuj{z) = 1 — m'Ho{z) — gH2{z) 



(4.59) 



(4.60) 



where the unknown functions in ([4.60|) are found by combining (^4.41|) and ( [4.42|) together 
using (^4.46|) and ( [4.47] ) to generate the 3 equations 



Hoiz) = -m- gz^ - gz^ - uj{z) 2 - z{u{z) +m + gz^) (4.61) 

ni{z) = -no{z){2 - z{uj{z) +m + gz^)){uj{z) +m + gz^) + (m + gz'^)^ 

+ gzHofiil - ziiuiz) +m + gz")) - gg2,i (4.62) 

^2(2) = ^o(^)(2 - z{uj{z) + m + gz^)f{uj{z) + m + gz'^f - 7^i(^)(2 - z{uj{z) + m + gz"^)) 

X {uj{z) + m + gz'^) - c/z^i,2 - ^^2,2 + ^^i,i(2 - z{uo{z) + m + gz^)) (4.63) 

where as before = ( tr ipip). In arriving at ( [4.61| )- (|4.63| ) we have used the 'K2 charge- 
conjugation and chiral symmetries of the potential ( ^4.59| ) to deduce from ( |4.21| ) that 'Ho{z) = 
—TCo{—z) so that Hi^ = 7io,i = here. These same symmetries also imply that ^2,1 = —^1,2- 
Also, we have expanded the asymptotic loop equation ( [4.42| ) for n = 1 in powers of 1/z to 
find that TYq.o = Then combining the 4 equations ( [4.60| )-( p:.63| ) we find that the one-loop 
correlator uj{z) is determined by a complicated 6-th order equation 







2g{2 - z{uj{z) +m + gz'^)}'^{Lu{z) + m + gz^f + m 
X {z{u!{z) + m + gz^) — 2}uj{z) ~ {m + gz^)z — gz^ 
—g{ijj{z) + m + gz'^){2 — z{ijj{z) + m + gz^)} (m + gz^)^ 
+5'2^o,o{l - z{uj{z) +m + gz^)} - 5(^2,1 ] +fl'^2^2,i - 5'^^2,2 
+g'^{2 - z{u}{z) + m + gz^)}ni^i + zuj{z) - 1 



(4.64) 



The solvability features of fermionic multi-matrix models are even worse compared to 
Hermitian multi-matrix models where a degree K polynomial potential leads to a K-th order 
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polynomial equation for the one- loop correlator [^]. Here the order of the equation doubles 
due to the doubling of degrees of freedom in the fermionic case, just like in the fermionic one- 
matrix models, which can be understood from the result ( |1.85| ) which required 2 Hermitian 
matrices for its derivation. There does not appear to be any way to directly solve the 6-th 
order equation ( [4 .641 ), nor does there seem to be any way of reducing it to a lower degree 
equation. Thus it is not possible to directly study the cut structure of uj{z) and determine 
the ensuing phase structure of the two-matrix model as before. 



4.4 A Penner-type Model 



In the Hermitian case there is still an exactly solvable non-Gaussian multi-matrix model 
involving a non-polynomial interaction [p^ - [p6l , ||118|| . In certain limiting cases it can be 
reduced to a polynomial interaction. The analog of this in the fermionic case is the asymmetric 
logarithmic interaction 

V{z) = —V{z) = mz + g log{g — z) (4.65) 

In this case there is an extra boundary condition imposed on the loop equations by requiring 
that the residue of the simple pole aX z = g vanish. 

The asymptotic equation ([4.43|) for the potential (|4.65|) reads 

zuj{z) = 1 - mHo{z) - gH{z, g) 

where the function Tioiz) is determined from ( [4.41| ) as 



n,(z) 



2- z\ uj(z) 



m — 



z-9, 



uj[z) — I m + 



99 



z-g 



(4.66) 
(4.67) 



and the function 7i(z, g) is determined by letting w ^ g m. the loop equations ( |4.29|) and 
(|431| ) which lead to 



n{zrg) 



(2 - z {u;{z) -m-^)) [uj{z) - ^n{gr9)) - 9 {m^jg) + 
(u{z) -m-^){2-z(uj{z)-m-^^) + -g 



(4.68) 



Substituting ( [4.67|) and ( ^4.68|) into ( [4.66| ) leads to a complicated quartic equation for the 
one-loop correlator uj{z) 



= m 



2 — z \ ujiz) — m — 



9 



99 



uj{z) - m H -uj{g) 

Z-9J \ z-g 



+ zujiz) — 1 



+9 



2-z 



z] — m 



z-9 



{uj{z) - ^^n{-g, -g)) - -g {mCo{-g) + j^=Q{g. g) 



(4.69) 



In the Hermitian case the extra boundary condition ok, z = g leads to a quadratic equation 
for <jj{z) 0, Here, again because of the doubling of the fermionic degrees of freedom, 
we obtain a quartic equation which is not directly amenable to a multi-branch solution but 
which is nonetheless explicitly solvable. It is not clear, however, how to determine the precise 
cut structure or the existence of phase transitions with these solutions due to the comphcated 
structure of their square root branches. Thus the only exactly solvable fermionic multi-matrix 
models are the trivial Gaussian ones. 
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4.5 The Genus Expansion and VK-algebra Constraints 



Although the loop equations in Subsection 4.1 were derived at infinite N, it is possible to 
examine the structure of the -^-expansion of the fermionic two-matrix model by including 
the irreducible correlators (of order l/N"^) using the loop insertion operator ( |3.15|) in the 
asymmetric case V V. The extensions of the loop equations ( |4.29| ) and ( |4.33| ) to finite N 
are (see (g^)) 



(2 - zij{z))g{z, w) + n{z, w) - c{z)g{z, w) + £ 

uj{z)T-t{z, w) — uj{z) + wQ{z, w) + C{z)H{z, w) 



d\_ V'{X)\ 
c 27rz z — X 

dX V'{X)X 



fc 2T[i z — X 

so that the recurrence relations ( |4.41| ) and ( ^.42| ) at finite become 

dX V\X)X 



g{X,w) = Q (4.70 
H(A,U7) = (4.71 



Hn^z) = {ZUJ{Z) - 2)gn{z) 

dX V'{X)X 



c 27ri z ~ X 



+ c-{z)g^{z) 



a„+i(^) = / ^^-^H„(A) - uj{z)Hn{z) - C{z)HrXz) 
Jc 2m z — X 



(4.72 



(4.73 



We can introduce the analogs of the loop insertion operator ( p.l5| ) for the correlators ^„( 
and Hn{z) by 

'Hniz) = —C2n+l{z)Z2 
^2 



where 



and 



where 



k>—n 



yk+n ^ 



Gn{,z) = —C2n{z)Z2 
^2 



^2n{z) = E 



k>—n 



yk+n+l 



(2n+l) 



(4.74 
(4.75 

(4.76 
(4.77 



Here are some differential operators determined by the general potential V{il)il)) 

J2k>o dkii'i')'' ■ From (|3.15|) it follows that 



Co{z) = N^C{z) 



To determine the operators w'^^ for m 7^ 1, we substitute (|4.74| )- ([4.77|) into ([4.72|) and ([4.73 



(1) 



_d_ 

dgk 



(4.78 



and equate the coefficients of the terms. We then find that the operators W],™ obey the 
recurrence relations 



"1 k~\~Tl o 

'^^k — Art '^^k-m '^'^^k ''''ymyVm+k ' 



(2n+l) _ o-|/i;(2n+l) ^„ ■1^;(2"+1) k > -U 



(2n+l) _ ,^ 1A;(2«-2) 



m>l 



m=0 '^dm 



■Wf."-^^ . k>-n 



(4.79 
(4.80 
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For example, the relations ( [4.78| )-( p:.8(]| ) imply that the first couple of W-operators are 



J2 '^9r. 



d 



m>l 



dg 



k+m 



1^ 

dgk 



(4.81) 



m>l i+j=k+m 



-2 J2 ^9n 



d 



m>l 



dg, 



k+ m 



dgidgj 
1 



+ 1^ E 



E ^^9mgn 

n,n>l 

y — - — 

i+,t^=k dgidg.dg^ 



d 



dgk+m+n 

2 



E 

i+j=k 



dgidgj 



(4.82) 



+ 



1 k{k+l) d 



Ar2 



dgk 



Notice that the operators W|^^ generate a U{1) Kac-Moody algebra and the operators W; 
coincide with generators Lk of the Virasoro algebra that we encountered in Subsection 3.5 
above. The W-operators above therefore resemble the generators of the conventional Wk- 
algebras. Again, these operators differ from the W-operators that appear in Hermitian multi- 



Co) 



matrix models by extra derivative operators. In these latter models the algebra generated 
by the W-operators coincide in the double- scaling limit with the canonical continuum W- 
algebras and lead to new symmetries of the underlying conformal matrix models |[112| , |114 |. 

If ^fc = in ( 4.45 ) for all 7^ n and gn = \ for some n 7^ 0, then the —expansion of ([4.45 ) 
can be written as 



-i 00 1 

7 ^k+n V ' 



1 1 z' 

^ k=l—n 



(2n-2) 
k 



w. 



(1) 



k+n 



and so the loop equations of the fermionic two-matrix model 
discrete VT-constraints imposed on the partition function Z2 



(4.83) 
If) are equivalent to a set of 



W; 



(2n-2) , 



>Vit^2 



k > 1 



n 



(4.84) 



The action of the 14^-algebra generators in (|4.84| ) represent the Ward identities of the two- 
matrix model (|4.1| ) associated with the infinitesimal fermionic variable changes 



(4.85) 



X^X + ex(^V^)" , X^X 

under which the potential V transforms as 

V{tl)ilj) V{il)il)) - e1/'(7/'V^)2(V'V)" + e(^/'^/^)"+^ 



(4.86) 



These IV-constraints are the two-matrix analogs of the Virasoro constraints ( |3.109|) - 
(|3.111| ). In the Hermitian case they are the basis of the integrable hierarchy structure in multi- 
matrix models and generalized Kontsevich models |104| , |112| , |114|| . Thus the fermionic 
multi-matrix models, in addition to providing some novel generalization of the (p, q) conformal 
models of string theory p2| , p8| , Q , also admit the conformal algebraic structure that relates 
their integrability features to KdV and generalized Toda-chain hierarchies [^, p.l2| , |114| . 
Since the discrete IV-constraints here again represent the full set of Schwinger-Dyson equa- 
tions of the model, the solutions of the matrix model can be represented in more convenient 
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forms relevant to conformal string theory and the double-scahng continuum hmit string the- 
ory can be obtained from the Borel subalgebras of the continuum VTi+oo-algebras ||112| , |114|| . 
These hierarchical structures should be quite different though than in the conventional ma- 
trix models because of the convergence properties of the fermionic partition functions. From 
the fermionic matrix models some novel integrable hierarchies may therefore emerge. More- 
over, the ly-constraints relate the Hermitian multi-matrix models to more general types of 
topological field theories coupled to topological gravity |135[ . This might make a more 
explicit connection between matrix models and the recent implementations of the ideas of 
representing topological intersection indices in terms of matrix models using twisted N = 2 
super conformal quantum field theories [El, |57 



These Vl^-symmetries contain the usual Kac-Moody and Virasoro algebra invariances which 
characterize conformal field theory and string theory This once again indicates the 

connection between the adjoint fermion matrix models and string theory, and it would be 
interesting to use the W^-constraints to find other "physical" (e.g. conformal field theo- 
retic) representations of the fermionic matrix models which makes this connection complete. 
The appearence of the new VT-algebra symmetries of the loop equations (beyond the usual 
Kac-Moody and Virasoro ones) may have severe implications for their extensions to higher- 
dimensional continuum string and gauge theories where loop equations exist [021 |107| . 



5 Induced Gauge Theories and Mean Field Theory for 
Higher Dimensional Matrix Models 

In this Section, we shall introduce a class of higher dimensional matrix models related to the 
Kazakov-Migdal model of induced gauge theory, which can be formulated with either bosonic 
or fermionic adjoint matter fields. We will concentrate on the fermionic case. We discuss 
the relation of this model to other lattice gauge theories, such as the so-called adjoint model 



26| , |69| , |100|| . In this Section, we review the mean field analysis of these models and postpone 
detailed discussion of the loop equation approach to the next Section. Using loop equations, 
we shall see that the Gaussian model, and some others in principle, are exactly solvable in 
the strong coupling regime. In this Section we shall present some speculations about the 
structure of the theory in the weak coupling region. Since no exact results are available, 
we appeal to mean field theory techniques. The main idea is that there could be a phase 
transition in the Itzykson-Zuber integral, which drastically modifies the solution of the model 
in the weak coupling regime. The motivation is to look for solutions of the Kazakov-Migdal 
model which have a continuum limit resembling quantized Yang-Mills theory. It also can be 
used to say something about whether the Kazakov-Migdal model can be obtained as a limit 
of more conventional lattice gauge theory and whether the continuum theory which describes 
Yang-Mills theory can be obtained in that limit. 

In the present Section, we shall use mean field theory as an intuitive introduction to the 
subject of induced gauge theory. Although our central purpose here is to discuss fermionic 
models, we devote some space to comparison with similar results for Hermitian adjoint models. 
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5.1 The Kazakov-Migdal Model with Adjoint Fermion Fields 



Consider a D-dimensional oriented hypercubic lattice C IR^ with sites x and links t = 
{x,y) connecting nearest neighbour sites x and y. At each site there are fermion fields ipj{x) 
and their conjugates ipj{x), j = 1, . . . , Nf, which are independent N x N Grassmann- valued 
matrices describing Nf fiavours of fermions with colours. These fields also have an implicit 
spin index f^ = l,...,2[^/2] ^ ^ actually x and x A^ 

matrix fields, respectively) which labels the spinor representation of the Euclidean group in 
D- dimensions. On each link there is a gauge field U{x,y) = U'^{y,x) G U{N). The natural 
generalization of ( [4.1D to D-dimensions and Nf fermion fiavours is the lattice gauge theory 



where 



Nf 

Zd= f n [dU{x,y)] f n n#.(^)^V',(a:) e^-['^''^^^] (5.1) 

Sp[^l,,i,-U]= E E ^'tr \/[^,(x)^,(x)] 

- E [ i'j{x)ViU{x, X + i)iljj{x + i)U\x, x + i) ^^-^^ 
+'ipj{x + t)ViU\x + x)^j{x)U{x + x) 



is the gauge-invariant lattice fermion action |8^, |133|| . It includes the usual fermion kinetic 
term and fermion-gauge minimal coupling in the last sum through the gauge-covariant lattice 
derivative for Dirac fermions which transform in the adjoint representation of the colour gauge 
group U{N). Here 

V^ = r± 7, (5.3) 
are the usual projection operators acting on the spin components in i f).2\) , so that r = for 



chiral fermions while r = 1 for Wilson fermions [BC, 133], and 7^ are the gamma- matrices 



which generate the D-dimensional Euclidean Dirac algebra 

{7^,7^'} = 25«' (5.4) 
The potential is the usual Dirac potential 

V{^ptp) = mipip + 14nt(V'V') (5.5) 

with m the bare fermion mass. 



The action ( |5.2| ) differs from that of ordinary Wilson lattice gauge theory ||133|| in that the 
kinetic term for the gauge fieldQ 

^ A^^ 

Sw[U]= E — Reiy[f/;n] (5.6) 



^Recall that in lattice gauge theory a gauge field U{x,x + £) ^ Q^^iix) (-^^jth Ai{x) the continuum gauge 
field) is a function on lattice links, so that the curvature F ~ dA + [A, A] is a function on plaquettes of the 
lattice. Consequently, (|]^) coincides with the usual Yang-Mills action in the continuum limit where the 

(unit) lattice spacing goes to zero, or equivalently g — > 0. 
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is absent. Here □ denotes the elementary plaquettes of the lattice and for any oriented 
contour C G , W\U] C] is the Wilson line operator associated with C, i.e. the trace of the 
counterclockwise-oriented path-ordered product of the link operators along C, 



W[U]C]=tiP J] U{x,y) = W[U]-CY 

(x,y)(iC 



(5.7) 



where — C denotes the contour C with the opposite orientation. However, because of the 
local U{1) gauge-invariance ( |4.4| ) of the matrix model ( [5.1| ) (applied to a single link), the 
expectation value of any fundamental representation Wilson loop| vanishes and this leads to 
ultraconfinement of the theory. It is this feature that makes the adjoint fermion model effec- 
tively solvable in contrast to the conventional Wilson lattice gauge theory with fundamental 
representation fermions 



H, |131 . 

The gauge-invariant matrix model ( ^.1| ) can be studied from several different points of 
view. First of all, it can be viewed as an induced gauge theory with partition function 



n [dU{x,y)\ e^'-'^t^^"'^)] 



and gauge field action Sij^d[U{x,y)] defined by integrating out the fermion fields in ( |5.1| ) 



Nf 



H dipj{x) e 



(5.9) 



In the large-mass limit (m — > cxo in (|5.5|) ), the Gaussian integrations over the fermion fields 
give 



D 



Sind[U{x, y)] = N^Nf Tr log 6,^y - - E ( 'PiUix, x + e)®U\x,x + i) 



i=i 



+ VlU\x + £, x) ® U{x + i,x)) (5^.+^, 



(5.10) 



The ^-expansion of ( p.lO] ) can be represented as a sum over lattice loops F of a spinor particle 
in an external gauge field [Q, ^ 



(5.11) 



/(F)m^(r) 



eer 



where Z(F) is the lattice length of the loop F (i.e. the number of links in F) and TR denotes 
the trace over spinor indices (the ± sign depends on the orientation of the link i). 

^Note that for the fundamental representation N of U{N), whose action on matrices Af is defined as 
M ^ U ■ M, U £ U{N), we have the group-theoretical decomposition 

N N = A(B 1 

where N is the complex conjugate representation of N, and A and 1 are the adjoint and trivial (singlet) 
representations of U{N), respectively. This means that invariant traces in the adjoint representation are 
related to (ordinary) invariant traces in the fundamental representation by 



trA [/ = I tr [/p - 
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If we consider in addition the large-A'^^ limit correlated with the large-mass expansion 
so that m/N^^^^ — > 1 as m,Nf — >■ oo, then all terms in (|5.11| ) except the leading-order 



contributions in 1/m from single plaquettes are supressed by factors of order Nj: . Then 
the induced action S'indi^] becomes the single-plaquette adjoint action 



with coupling constant 



Sa[u] = n'^ E mu;of (5.12) 

Thus the adjoint fermion matrix model ( p. ID in these limits induces a single-plaquette lattice 
gauge theory built from traces in the adjoint representation of the gauge group (as opposed 



to the more conventional fundamental representation as in ( |5.6|) ). 

Notice that for a matrix chain, associated with dimension D <1, the gauge fields U{x,y) 
in ( |5.1| ) can be absorbed by a local gauge transformation (|4.3| ) and the model ( ^.11) reduces 
to a fermionic multi-matrix model. In particular the case D = 1 is associated with an infinite 
matrix chain while D = ^ corresponds to the two-matrix model of the last Section. The 
generic D > 1 model is the fermionic analog of the Kazakov-Migdal model which is defined 
using heavy scalar fields in the adjoint representation of the gauge group and which has 



recently been proposed as a model for (induced) QCD |j75|, If the lattice gauge theory 

(|5.1| ) is to indeed have a continuum limit which reproduces the characteristic properties of 
QCD, then it must have a phase transition into a phase where Wilson loop observables obey an 
area law, the characteristic feature of quark confinement. This phase structure can be studied 
from various points of view, such as a mean field analysis of the induced gauge theory ( |5.11D 
and loop equations for the matrix model ( |5.1| ). These approaches, as well as the possibility 
of using (|5.1| ) as a model for strings in D > 1 dimensions, will be discussed in this and the 
next Section. 



5.2 Phase Transitions in Unitary Matrix Integrals at Infinite 



Before embarking on a detailed analysis of the critical behaviour of the matrix model (|5.1|) 
when it is viewed as an induced gauge theory, we need some preliminary results concerning 
the phase structure of unitary matrix models. 



5.2.1 The Fundamental Model 

Consider first the "fundamental" unitary matrix model [21, 38] with partition function 

Z^ia) = J [dU] e^' ("*^+"^^) (5.14) 

This integral can be computed explicitly in the large limit to get the free energy 

|a|<l/2 

-2|a| + ilog2|a| + 3/4 |a| > 1/2 



(5.15) 
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Because of the invariance of the integration measure under a change in phase of the unitary 
matrices, the free energy depends only on the modulus of a. There is a third order phase 
transition at |a| = 1/2. We shall call the phase with \a\ < 1/2 the "strong coupling phase" 
and that with \a\ > 1/2 the "weak coupling phase". 

From this expression, connected correlators of tr U and tr W can be obtained by taking 
derivatives with respect to a and a*. For example. 



da 

and 



d (a \a\< 1/2 



(|trf/Hp-|(trf/)p|2 = (5.17) 

The latter result, which is correct in both the weak and strong coupling phases, is a result 
of factorization, i.e. the expectation value of a product of any two functions of U and W 
which are separately invariant under unitary conjugation, U — > WUW'^ and t/^ — > WU'^W\ 
factorizes into the product of expectation values. 

The result ( 5.15 ) can be obtained explicitly [^| by using the invariance of the integrand 



and measure in the partition function under conjugation by unitary matrices to diagonalize 
U and U'^ and to write the partition function as an integral over the eigenvalues. The infinite 
N limit is then obtained by saddle point integration which can be done explicitly. It is 
straightforward to check the small and large |a| limits. First, consider small One can 
Taylor expand the integrand in \a\ to obtain 

ZF{a)= f[dU] h+NHi (a*U + aU^) + - (nHt (^a*U + aU^))^ 

, ^' (5.18^ 

1 / +\\3 



+- [N^ tr [a*U + aU^)) +... 

Using the explicit integrals over the normalized Haar measure (see Subsection 1.1.1) we obtain 

Zp{a) = 1 + N^\a\^ + -N^\a\^ + ... (5.19) 

2 

so that 

F^(a) = -|a|2 + ... (5.20) 



which agrees with the strong coupling phase in ( ^.15|) . 



Also, when |a| is large, we perform a saddle point integration. Consider the variation 
6U = iUH and 6W = —iHW where if is a Hermitian matrix. The exponent in the integrand 
of the partition function is maximized by matrices which satisfy the equation 

Uo = ^U^o (5.21) 
a* 

or equivalently 

\a 



Uo = —I (5.22) 
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Then, defining U = Uoe^^ , W = e "^^Uq, the partition function is approximated a^ 

Z^ia) = e^^'l"! J dH e'^^l = ^^^'H-^^o^(m)+- (5.23) 



wfiicli agrees witli ( |5.15| ) to tlie leading orders. It is interesting tliat, up to normalization, 
it agrees witli ( ^.14|) completely. This means that, in the "weak coupling" phase, the large 
limit of the integral is given exactly by its semiclassical (spherical) approximation. This 
is already known to be the case for the Itzykson-Zuber integral (at finite- A^) with Hermitian 
matrices [ P5| , |1 14|| , and it would be interesting to know whether this happens in other closely 
related cases. 

It is possible to use a more sophisticated semiclassical approximation to the above integral. 
For this, we identify all extrema of the action (maxima, minima and saddle points). It is easy 
to see that they are given by 





/±1 











...\ 







±1 










Uq = a 








±1 


















±1 





(5.24) 



The semiclassical limit is given by 



...I 



-Af2|a| tr H^C/o 



e2^'l"l(iV|a|)^ + iVe2^(^-2)H(-iV|a|)^ + . . . 



+ I I e 

m 



2N{N-2Tn)\a\ 



(5.25) 



((-l)-iV|a|)^ + ... 



(iV|a|)^ 



1 + (-l)"^e 



-2Af|a| 



N 



This (exact) partition function is real when iV is even. In the large iV limit, it reduces to 



""Here we use the fact that a Hermitian Gaussian matrix integral is easily evaluated to be 

JV 



dH e- 



-AT^I^ tr 



l<i<j<N • 



for m G M. 
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5.2.2 The Adjoint Model 

We are primarily interested in the model with partition function 

Za{[3) = J [dU] e^'^l ^1' (5.26) 

This model has, besides the symmetry under conjugation of U by unitary matrices exhibited 
by ( ^.14|) , a symmetry under redefining U by an element of the center of the unitary group, 
U e'^[/. This symmetry guarantees that a correlator vanishes unless it contains the same 
number of t/'s and t/^'s. In particular, we have (c.f. eq. ( [4.23|) ) 

{U,kUl)A = N{\ tr U\^)a6,,6m (5.27) 

The partition function Za can be obtained as a Gaussian integral transform of Zp as 

Za(/?) Jdr] d7]* e-^'l''l'/'^Z^(r/) (5.28) 

In the infinite limit, this integral can be performed by saddle point integration. It is 
necessary to find the value of t] which minimizes the normalized free energy function 

f (/5-i-l)|r/P 1^1 < 1/2 

Fa((3) = min <^ (5.29) 
" [P-^\V? -2\r]\ + l\og2\r]\+3/4: \r]\>l/2 



When ^ < 1, \r]\ = 0. When /3 > 1, |r/| = 1/3 (^1 + ^1 - so that 

r /3<i 

^a(/?) = { , , , , X (5.30) 

1 1(1 - ^1 - l/(3r - /5 + 3/4 + 1 log (/5(1 + ^1- 1/(3)) (3>1 

This solution has the interesting property that 

tiUl^) =—^Fa{P) = { , , ,2 (5.31) 

This expectation value is discontinuous at /? = 1 and the phase transition there is of first 
order. 

This behavior can be checked by perturbation theory in both the strong and weak coupling 
regions. In strong coupling, we expand the exponents in the integrand in /?, 

, ^[dU] I tr f/|2 (l + N^(3 tr (f/ + t/t) + . . .) 

^' I A = J[dU] (l + iV2/5tr (f/ + f/t) + ...) ^^-^^^ 

which, using the explicit integrals for the Haar measure correlation functions given in Subsec- 
tion 1.1.1, we can easily see is zero to order f3^. In the large /3 limit, we use the saddle point 
method. The variation of the action gives the saddle point equation 

U tiU^ = tr U (5.33) 

which has solution 

Uo = e'^I (5.34) 

and 

Za{P) ^ e^^' j dH e-^(^' ^'"^'^ = e^'(^-^i°g« (5.35) 

which agrees with an asymptotic expansion of (|5.30D. 
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5.2.3 The Mixed Model 

Finally, we consider the model with a mixed action, 

P)= f [dU] e^'^l *^ ^1'+^' (»*u+aW) (5.36) 



This action has a term which explicitly breaks the symmetry under phase transformation of U 
and . The mixed model ( p.36| ) is invariant under the unitary transformations U — >■ VUW 
where either V is taken as the matrix that multiplies the n-th row of t/ by —1 and W multiplies 
the n-th column by —1, or when V interchanges the m-th and n-th rows while W interchanges 
the m-th and n-th columns. This symmetry combined with the invariance of ( ^.361 ) under 
conjugation by unitary matrices leads to the identities 

{UMm = \,_[ ((I tr Uf)^^ - l) 6,,6u + (l - (I tr f/|2)^J 

(5.37) 

{U.,,)m = { tr U)M5^, (5.38) 
The partition function can be obtained by the offset Gaussian transform 

Zuia, f3)^ Jdr] dr]* e-^'l^l'/'3+^'(^*"+^"*)//^-l"l'^V/3 Zpir]) (5.39) 
In the large limit, this can again be found by minimizing the free energy function 

(/j-l _ 1)|„|2 _ ^ ^ \v\ < - 

FM{a,p) = mini . J , a (5-40) 

The minima occur aX f] = a/{l — (3) when |?7| < 1/2, which is the region |a| < (1 — j3)/2. In 



the other region, |?7| = }^{(3 + \a\ + ^ {(3 + \a\Y — (3) which exists where |a| > — (3 which 
is always satisfied in the region |a| > |(1 — (3). Thus, the solution for the free energy is 

1 -lap 1 

— FM(a,/?) =(Y3^ |«|< 2|1-/^I'0</3<1 

= ^ ((/5 + l«l) + ^{(3+\a\y-(3)' + 3/4 + \a\' / (3 

- [iP +\a\) + v/(/3+|a|)2-/3) (1 + |a|//3) 

+ Uog{{(3+\a\) + ^{^+\a\Y-^)^ for |a| > ^(1 - /3), /3 > 

(5.41) 

In this case, 

(trt/)M= , '\ (5.42) 

, r fJ4)' |a| < i(l-/?),0</?< 1 

trf/p) = , ^'-tl ,2 ' " (5.43) 

l4^(|«|-/?-v/(/?+|«|)^-/5) |«|>|(l-/3),/3>0 
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and 



This result exhibits factorization in all phases. Furthermore, it exhibits spontaneous symmetry 
breaking in the "weak coupling phase" (3 > I, 



lim ( tr U) M 







\a\ < 



i(l-/3),0</3<l 



\a\ > i(l 



(5.44) 



It is in such a symmetry-breaking scenario that the local U{1) symmetry of the adjoint lattice 
gauge model (|5.12|) could be viewed as being eliminated and the resulting model possessing 
only the usual symmetries of the standard Wilson lattice gauge theory (which gives the 
latticized version of QCD). We shall examine this possibility further in Subsection 5.3. 

The mixed unitary matrix model ( ^.36|) has been studied by Makeenko and Polikarpov 
in the context of lattice gauge theory) and they showed that at 
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oo the mixed model 

is equivalent to the fundamental model (|5.14| ). This follows from the factorization property 
of the correlators above of the mixed model. It can be verified explicitly within the weak and 
strong coupling expansions, and it can be proved exactly using loop equations ||100|| . To show 
this, we assume for simplicity that the coupling constant a of the fundamental term in (|5.36|) 
is real and positive. At = oo we use the factorization property 



(|tr U\^),,j = {ti U) 



M 



to write a differential equation for the free energy Fj 



Ml 



dF 



M 



'dF, 



M 



dp 



da 



Differentiating (|5.46|) with respect to a then yields to 0{1/N 



|( tr f/)M 



( tr U) 



M 



|-(tr U)m 
da 



If we substitute the ansatz 

( tr U)m = { tr U)f 

with the fundamental average ( tr U)p taken in the fundamental model ( p.l4| ) 
redefined coupling a defined by the implicit function relation 

a + p{tTU)F 



a 



then from 



A(trf/).. = A(trf/), 



d_ 



{ tr U)m = {tiU) 



M 



^{ tr U)^ 
da 



da 



-1 



(5.45) 



(5.46) 



(5.47) 

(5.48) 
with the 

(5.49) 



(5.50) 



it is readily seen that ( |5.48| ),( p^ ) satisfies ( |5.47| ). 

Thus in the mixed model (|5.36|) , the gauge field correlators at large- A^ depend not on the 
2 variables a and (3 separately, but are a function of their combination determined by the 
effective charge a in ( |5.49|) . Using ( ^.16| ) this effective charge is 



a 



a{a, P) 



l-(3 
1 



< - , 0<p<l 



(^a + P + ^{(3 + ay-(3 



a 1 
1-/3 - 2 



(5.51) 



/5 > 
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The first order phase transition in the model occurs at the points where the specific heat 
changes its sign (and becomes infinite). These are the points where the right-hand sides of 
( |5.5CI| ) vanish, i.e. 

' a-pc{i^U)p (5.52) 



Finally, the string tension ctm-, which is defined by the area law behaviour of the Wilson loops 



( tr U)m = 

can easily be found from ( ^.16| ) and (|5.49|) to be 



(5.53) 



A 

1 
A 



log 
log 



/3' 



a 



^<i.O<^<l 



/ 



2{a + (3+J{(3 + ay-(3 



a ^1 
"^-2 



(5.54) 



P>0 



Notice that for finite-iV one generally expects a perimeter law for the adjoint Wilson loops 
(I tr U\'^)a- However, the above analysis shows that at = cxd they satisfy the same area 
law as the fundamental Wilson loops ( tr U)f. The perimeter law at finite- thus enters at 
Oll/N"^). We also note from ( p.31| ) that while the string tension in the adjoint unitary matrix 
model in the weak coupling phase is finite and corresponds to normal quark confinement, 
that in the strong coupling phase is infinite and is associated with local confinement (i.e. the 
absence of quarks in that phase). 



5.3 Mean Field Theory and Confinement at = oo 

We now carry out a detailed analysis of the phase structure at = oo of the gauge theory 
induced by (|5.1|) . We first note that factorization implies that the gauge theory with adjoint 
action (|5.12| ) is equivalent at = oo to that with the fundamental representation Wilson 
action ^^/[f/] provided that the coupling in (|5l6| ) obeys the self-consistency condition ||100 | 



P = 1^ = (3^Wf{D-J) (5.55) 
where WpiO-^ /?) denotes the fundamental plaquette average 



(|5.55| ) can be solved for (3{i3a) at strong coupling by substituting in the strong coupling 



expansion of (|536| ) 0, [T3| 



Wf{D-J) = + for ^«1 (5.57) 
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( |5.55| ) in the strong coupling regime always possesses the trivial solution P = 0. However, for 
/3a ~ 2 there is the nontrivial solution 

^oc(^---j (5.58) 

which matches the weak coupling solution 

(3^ Pa- 1/4 for /3 > 1 (5.59) 

as Pa oo. 

The basic observable of the induced gauge theory ( |5.12| ) is the adjoint plaquette average 

= /n(.„..oMt/(..,)] e.^U,.,.„l (5.60) 

Note that since the product of 2 fundamental representation link operators contains both the 
adjoint and scalar representations, i.e. {UijUl^)A = UijUlf^ — SuSjk, we subtract off the latter 
in ( [5.601 ). Factorization implies that at = oo it is given by 

WAia;P^) = {Wpin-J))' = (J-^ (5.61) 

Since the sign of the second term in (|5.57|) is positive, we find that the slope of (|5.61|) is 
negative for the solution ( p.58| ) near Pa = 2. Consequently, a first order phase transition 
in the induced gauge theory (|5.12| ) must occur with increasing Pa at some critical couphng 



/5a < 2 S El 



Although the integrations in (|5.1|) cannot be carried out explicitly, the phase diagram 
can be studied by employing a variational mean field analysis |7^, ^ to the partition 
function ( |5.1| ) for Nf = 1 and m ^ 1. The mean field approximation is based on a result 
known as Jensen's inequality |Q which is easily derived as follows. Consider 2 partition 
functions Z'^^^ and Z^^^ which are defined in terms of actions 5*1 and 5*0, i.e. Z^^^ = J e~^\ 
with statistical averages {A)i = J Ae-^-/Z^'\ For t e [0, 1], we introduce the one-parameter 
family of partition functions Z*-*^ = / Q-iSo-(i-t)Si _ Then a simple calculation shows that 

- So)')^ - {S, - Sof, > (5.62) 



where we have used the fact that (A^) > (A)^ for any statistical average. From this it follows 
that, as a function of t, log Z'-*-' is concave up everywhere, and so it lies above all of its tangent 
lines. In particular, 

logZW>logZ(°) + ^^^^ 



dt t=o 
which leads to 



(5.63) 



^{i)>^(o)e(5o-5i>o (5_64) 
(|5.64| ) is a special case of what is known in functional analysis as Jensen's inequality. 
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Going back to our analysis, we introduce the trial partition function 



4^) = / n [dUix, y)] e"^ ^(-■«)"° I 



(5.65) 



which is similar in form to the unitary matrix integrations in The partition function 

(|5.65| ) is a product of one-link unitary matrix integrals which are the simplest ones with 
the local f/(l)-gauge invariance of It can therefore be evaluated using the results of 

Subsection 5.2.2 above as 



-Af2 vol{Ci^)DFA{-bA/2) 



w - - (5.66) 

where yol{£^) is the volume of the lattice so that vo\{C^)D is the total number of links 
in the lattice (there are 2D nearest neighbours to each site). Then Jensen's inequality ( |5.64D 
with = Zd, Z^°^ = Z^^^ gives a bound on the partition function ( pTT] ) 



Zj) > Zj^^ / Y[ d'ip{x) dip{x) exp ^ | N'^m tr ■il){x)il){x) 



D 



Y^iN^ti ( ilj{x)ViU{x, X + i)ilj{x + i)U\x, x + e) 



(5.67) 



\i=i 



+ip{x + i)V/U\x + i, x)ij{x)U{x + i, x) 



tr f/(x,x + £)p )\ } 



where the subscript denotes the normalized average with respect to the statistical ensemble 
(|5.65| ). Since the argument of the exponential function in (|5.67|) is a sum of one- link averages, 
it can be written in terms of the unitary one-matrix integral 



«2 = (|tr U\')A{(3 = -hA/2) 



/[rff/] e — 2^1 ^1 I tr f/p 



j[dU] e 



■^1 tr U\^ 



(5.68) 



(5.69) 



using the identity 

( tr ^{x)VfU{x, X + (.)^{x + (.)U\x, X + ^))o = tr ^{x)Vf^{x + £) 

where we have used (|5.27|) . 

The idea behind the variational mean field method is to now fix the coupling 6^ by the 
condition that the exphcitly solvable trial partition function ( p.65| ) gives the best approxima- 
tion to ( ^.1| ) in this class of models, from which it is hoped that ( p.65| ) will have a very close 
behaviour to Zr,. Taking the derivative with respect to 6a using ( |5.3CI| ), ( p.68| ) and ( |5.69| ), 
we find after some algebra that the maximum value of the right-hand side of ( p. 671 ) is at the 
couphng 



/ rixe^o #(x) #(x) e^^[^'^'"] tr (^(0)P7^/'(0 + £) + ^/^(O + £)P/^(0) 



S Y{x(iCD dipix) d^{x) eSp[^,^;u] 



(5.70) 



where 



D 



^ ^r m%l){x)ip{x) -u^Y. \^{x)V^iIj{x + £) + ^(x + £)P/V^(x) 



(5.71) 
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( |5.7CI| ) expresses the parameter as a function of the fermion mass m. Thus the variational 



method above amounts to substituting in a mean field value [U{x, y)]ij = u6ij for every link 
operator except the one on the fixed distinguished link (0,0 + and then ( |5.68| ) gives a 
self-consistency condition at this link. 

Notice that the large-mass expansion of (|5.70| ) can be represented as 



m 



m 



(5.72) 



where the sum is over all open contours T^^e with endpoints at x and x + i. It is only for chiral 
fermions (r = in ( |5.3| )) that the mean field method gives the same large- mass expansion 
since for Wilson fermions (r 



(5.11 



1 in (p.3|)) backtracking paths never contribute to the 



sum in ( [5.11D because of the identity 



- 1 



(5.73) 



and because of the unitarity of the gauge fields. In ( [5. 72] ) the contribution from backtracking 
paths is explicitly taken into account. The parameter can still, however, be considered as 
an upper bound to the actual value which suffices to give the point of the first order phase 
transition in the induced gauge theory |Q |8^ . 

In the weak coupling region where 6^ > 2 and ^ < u < 1, the integral ( |5.68|) can be 
evaluated (see Subsection 5.2.2 above) and the self-consistency condition can be written as 



2(u 



u 



In the strong-coupling phase the unitary matrix integral (|5.68|) vanishes 



(5.74) 
The geometric 

criterion for the location of the first order phase transition is that point where the u 7^ 
solution terminates with increasing m The large- phase transition is then associated 
with the freezing of the gauge field U{x, y) at some mean field value u while u = in the 
strong coupling regime of the induced gauge theory. Notice that the condition here for the 
corresponding unitary one-matrix model to possess a weak coupling solution is m > \. 



5.3.1 Minimization of the Mean Field Coupling 



To explicitly calculate (|5.70|) , we introduce the lattice Fourier transform 



e- 



X eC 



D 



(5.75) 



where the momentum space integral in (|5.75|) is restricted to the first Brillouin zone of the 
lattice and pi G [— vr, +7r] are the Bloch momenta. For example, for chiral fermions 
which in the naive continuum limit (m — *■ 0) are associated generally with 2^Nf fiavours, the 
Gaussian integral in ( |5.70|) can be evaluated by the usual lattice technique [0, [133|| to give 



2^ 
2^ 



i=l 2^ 
2 

m 



1 

n 1^1=1 



D 



COSl 



D 



COS', 



(5.76) 



1 / dy e 

2u^ Jo ^ 



[h{y)] 



D 



^^This requirement is equivalent to the thermodynamic criterion that the free energies of the u = and 
M 7^ phases coincide. 
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where Io{y) is the modified Bessel function of order 0. Thus in this case u'^b^ is a monotonically 
increasing function of decreasing mass m which takes its maximal value at m = 0. 

Moreover, the second integral in ( [5.76| ) can be well-approximated by the leading order term 
in the expansion in powers of ( + D) |^0[ and so we can write 




(5.77) 



The critical point m = 
tioned above which is 



rric can now be found from (|5.74|) and the geometric condition men- 

(5.78) 



du 
dm 

^ and uim. 



oo 



m=mc 



For example, for D = 4 we find rric ~ y and u{mc) ~ |. Notice that since m 6a can always 
reach values larger than |, the equation ( |5.74 ) always has a solution. Notice also that the 
integral in (|5.76| ) always converges for < < oo which is a consequence of the stability of 
the fermionic system. 

The situation is the same for Kogut-Susskind fermions ||8^, which are associated with 
2^/2 jVj continuum fermion fiavours and can be obtained from the chiral fermion fields by a 
fiavour-number reduction transformation as 



(5.79) 



where X£ are the components of the lattice vector x. In these new spinor variables the chiral 



fermion action (|5.2|) is 



Sf[x,x;U] 

= ^ A^^ tr ( mx{x)xix) — y^?7^(x) xi^)U{x, x + i)xix + i)U'' {x, x + 



D 



- xix + i)\j\x + £, a;)x(a;)f/(x + £, x) 



(5.80) 



where 



r7i(x) = l ; r/^(x) = (-l)^i+-+^*-i for ^ = 2, (5.81) 

Since the action ( |5.80|) is now diagonal in the spin indices, it suffices to consider only one spin 
component of the field xi.^) so that it can be considered as a spinless (scalar) Grassmann 
variable. The chiral spinors are then reproduced in the continuum limit by combining 2^ of 
the X fields at nearest-neighbour sites of the lattice, so that this procedure manifestly reduces 
the number of fiavours in the continuum by a factor of 2^/^. The mean field analysis for 
Kogut-Susskind fermions is now identical to that of chiral fermions above, the only change 
being that the factor of 2^ in ( |5.76| ) and ( [5.77| ) is now replaced by 2^/^, so that the self- 
consistency condition ( |5.74]) at D = 4 becomes 



2(- 



m 



+ 1 



(5.82) 



This equation determines the critical values as above associated with the large- phase tran- 
sition to be rric ~ ^ and u{mc) ~ |, and therefore the large- phase transition occurs as 
well for the case of Kogut-Susskind fermions. 
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However, the situation is less clear for Wilson lattice fermions, which correspond to Nj 
light fermions in the naive continuum limit (while the others whose masses are of the order of 
the inverse lattice spacing still play a role in the lattice dynamics). Then the standard lattice 
calculation |]5^, |133|| of the Gaussian fermionic integral ( |5.70| ) yields 



2D/2 



1=1 



1 - 



m 



^-Eiicosp, 



2^2 



v^D \ I v^-D • 2 



(5.83) 



As mentioned above, the nice feature of (p.83|) is that its large-mass expansion coincides 



with that of the induced action ( [5.11| ) where the backtracking paths never contribute due to 
the unitarity of the gauge fields U. However, the price to pay for this nice property is the 
very complicated integral which now appears in (^.83|) . Nonetheless, since Ba in (|5.83 ) varies 
from 6a = at m = cx) to 6a = 1 at m = 0, we expect that ( p.70| ) and ( |5.78| ) will possess 
a solution at some critical value rric. Indeed, an approximate numerical evaluation of the 
integral in ( |5.83| ) PDH gives rric ~ u{mc) ~ |, which resembles the situation for the case of 
Kogut-Susskind fermions above. However, the uncertainty in the mean field method is even 
larger now so that a conclusion about the existence of the large- iV phase transition is less 
certain for Wilson fermions. In any case, the large- iV phase transition definitely occurs in the 
case of Wilson fermions for Nf > 2 |8^ . As mentioned in the introduction, for large enough 
flavours Nf of the fermion fields there is no asymptotic freedom for the adjoint fermion matrix 
model (|5.1|) . The mean field theory of this Subsection therefore perfectly agrees with this, in 
that the phase transition occurs outside of the asymptotically free region which is given by 
80|, H 

11 ANf 

y ~ ~3 



> 



(5.84) 



5.3.2 Area Law 

From the analysis of the last Subsection we can conclude that the adjoint fermion lattice gauge 
theory ( |5.1| ) has 2 phases separated by a first order phase transition at some m = above 
which the model is in the local confinement regime (see below) with dynamics governed by the 



induced single-plaquette adjoint action ( [5.12| ). For m < rric the model is in the perturbative 
area law phase and the local U{1) symmetry is broken (in some sense) ||110|| . The phase 
structure here is quite different from that of the Kazakov-Migdal model in several respects. 
For instance, in the fermionic model there is no Higgs phase or instability region due to the 
fermionic nature of the inducing fields (but there can be a composite Higgs phase associated 
with (ipip) 7^ 0). Furthermore, the first order phase transition is present already for a single 
fermion flavour, whereas in the Kazakov-Migdal model the large- first order phase transition 
appears only for Nf > Nf ~ 30 For the Kazakov-Migdal model the continuum gauge 
theory is reached at the line of a second order phase transition which separates the area law 



and Higgs phases provided that one approaches it from the area law phase ||95[. For the 
adjoint fermion matrix model ( ^.1|) there is no Higgs phase and the continuum gauge theory 
is reached as m — 0. Thus in this case the naive continuum limit is in fact the true continuum 
limit of the lattice gauge theory. 

Of course, these conclusions are only based on the mean field approximation used above, 
but these arguments are quite reasonable because the phase transition here occurs only for 
systems which are not asymptotically free. At the point of this first order large-A^ phase 
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transition, the area law behaviour of the adjoint Wilson loops which is associated with normal 
confinement ||133|| is restored just as it is for the single-plaquette adjoint action ( |5.12| ). To see 
this, consider the adjoint Wilson loop 



Wa{T) = {\W[U- T]\')-l/N' 



(5.85) 



We can alternatively average this with respect to the induced action (^.11|) which at Nf = 
oo becomes the single-plaquette adjoint action ( |5.12|) . In this limit, the same factorization 
formula ( ^.61| ) holds at = oo with the elementary plaquette □ replaced by the more general 
loop r and P{Pa) given by (|5.55|) . Since P = for Pa < Pa^ fro^i ( ^.611) it follows that the 
adjoint Wilson loop ( |5.85| ) vanishes there, unless the loop folds onto itself so that the area 
^min(r) of the minimal surface spanned by F vanishes 



WAiT) = So,A^Ur) + Oil/N 



(5.86) 



This means that in this phase all loops are contractable to a point, due to unitarity, and 
formally this corresponds to local confinement with an infinite string tension aAi^A) = oo. 
Thus in this phase quarks aren't even asymptotically free and cannot propagate even within 
hadrons. On the other hand, the area law ||133 ] 



WAiT) 



-aAWA)A(r) 



with string tension 



aA{PA)=2apiP{PA)) 



(5.87) 



(5. 



holds for Pa > Pa when ( p. 55] ) has a non-trivial solution. In this area law phase, the dynamics 
of extended objects are nontrivial. Although the local confinement condition ( p. 86] ) holds to 
all orders of the large- mass expansion (|5.11|) [p3| , it is not clear if the area law behaviour is 
valid for finite Nf. 



5.4 Mean Field Theory of a Bosonic Lattice Gauge Theory at 
Large- 

The above analysis has suggested that the Itzykson-Zuber integral undergoes a large- first 
order phase transition when it is defined using Grassmann-valued matrices which transform 
under the adjoint representation of the Lie group U{N). It is instructive at this stage to 
demonstrate the breakdown of these results in the scalar case. We shall therefore in this 
Subsection briefly digress from our study of the adjoint fermion matrix model ( |5.1| ) and 
discuss the analog of the phase structure in a generalized bosonic lattice field theory which 
reduces to the Kazakov-Migdal model ( p.. 49 ) as a limiting case. We present here a modified 
|131| of the mean field analysis of Khokhlachev and Makeenko ITDIl who used the 



version 



of the mean field analysis of Khokhlachev and Makeenko 
same adjoint unitary matrix integral (^.65|) as the trial partition function. We consider the 
D-dimensional Hermitian matrix model ( |1.49|) , except that we include the Wilson term (|5.6|) 
into the action to get a model more closely resemblant to QCD. We are therefore interested 
in the adjoint scalar lattice gauge theory 



'KMW 



tr V(<t>{x)) 



(5.89) 
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where 

D 



{x,y)eCO \ e=-D 



+^ E iW[U; □) + W[U; □]*) I (5.90) 



The analysis of the matrix model ( |5.89|) will therefore include the phase structure of the 



exactly solvable Kazakov-Migdal model when we set P = 0, and more generally the behaviour 
of the model for all values of (3 for which ( |5.89|) is a highly non-trivial field theory which may 



have an interesting critical behaviour that is relevant to a continuum limit for QCD. 

To approximate ( |5.89| ) using mean field theory, we consider instead of the adjoint model 



( 5.65 ) the mixed trial partition function 

Z^D^=[ n [dUix,y)] explN' [tr {a*Uix,y) + aU\x,y) 

+P\ tTU{x,y)\']} (5.91) 
which resembles ( |5.90| ). Again, we wish to find an optimized choice of the parameters a 



and P for which the behaviour of ( |5.91| ) will closely resemble that of ( p.9U| ). Since ( [5. 911 ) is 



also a product of one-link unitary matrix integrals, it can be evaluated using the results of 
Subsection 5.2.3 above from 

Now, however, the evaluation of the expectation values in Jensen's inequality (^.64|) with 
Z'^^^ = Zfj, = Zj^^ and the maximization over the parameters a and is a bit more 
involved and we shall therefore go through the analysis more carefully than in the last Sub- 
section. 

First of all, the expectation value on the right-hand side of Jensen's inequality ( |5.64| ) 
for (3 = is again a sum over one-link averages and the normalized average (5*0)0 is easily 
computed using ( |5.42| ) and ( |5.43| ). To evaluate {SKMw)oy with Skmw the action in ( [5.90| ), 



we note first that ( |5.37| ) leads to the identity 

( tr 0(x)f/(x, X + £)(f){x + £)f/^(x, X + i))o 

(5.93) 

= (I tr U\^)m tr 0(x)0(x + £) + (1 - (| tr U\^)m) tr 0(x) tr 0(x + i) 

which holds at A^ = 00. Next, we need the normalized average {Sw)o of the Wilson action 
( |5.6| ). For this we note that the correlator {W[U; □])o factorizes into a product of one-link 
averages involving {Uij)M and (JJI()m- From (|5.38|) it therefore follows that 

(Reiy[f/;n])o = |(tr?7)M|' (5.94) 

Notice that there is a total of vol(£^)Z)(D — l)/2 plaquettes in the lattice . Substituting 
these identities into Jensen's inequality ( |5.64| ) then gives a lower bound on the partition 
function ( |5.90| ) 

> e-^' ™i(^")^^[<^^"'^] (5.95) 
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where 



n[cP; a,P] = -A[<P] + FM{a,l3) + (/3 - tr U\^)m + «*( tr U)m + «( tr U^)m 

-^^^l(trf/)Mr (5.96) 

and we have defined 

A^]= ,,,JrD\r) S tr0(x)tr0(y) 

^ ^ ''^ (5.97) 

= irri^^n E ( 0(^)0(2/) - tr m tr </>(y)) 

5.4.1 Minimization of the Mean Field Action 

We now want to minimize the action ( ^.961 ) over all values of a and /?. Since f2[0; a, /3] depends 
only on I a I, we may assume without loss of generality that the parameter a is real and positive 
in the above. From ( ^.41|) -( ^.43| ) we see that a,/?] is given explicitly by 



-A+{l-B)x-lQqx^ , a < (1 -/3)/2,0 < /5 < 1 

-A+\ + Uog{2{l-y))-By^-qy' , a > (1 - /5)/2, /5 > 



(5.98) 

where we have introduced the constants 

g = ^(D-l)/32 , x = a'/{l-j3f , y = {13 - a + ^ {a + - p) /2p (5.99) 

We see therefore that the action VL can be simplified to a function of a single variable in both 
regions where it is defined. In the first region, which we shall call region 1, it is a function of 
X G [0, while in region 2 it is function of y G [|, 1]. 

Consider first region 1. It is easy to see that there Vt is minimized at either x = or 
X = 1/4. However, VL{x = 0) > VL{x = 1/4) is equivalent to i3 < 1 — 4g, and so over region 1 
the action ( p. 98 ) is minimized at 



'A , B<l-Aq 
no[0;/3] = <( (5.100) 
-^-g+ (1 -i3)/4 , B>l-Aq 

The behaviour of VL in region 2 is somewhat more complicated. For the moment we ignore 
the constant A that appears in (|5.98|) above. In this region, for each fixed value of ?/ G [|, 1], 



as a function of B and g, VL describes a plane. The minimum VLq of VL over this region is then 
the envelope function (i.e. lower bound) of the set of planes parametrized by y. This implies 
that VLq in this region is a concave down function of q and B. Furthermore, since | < y < 1, 
for each fixed q the slope of VLq is bounded between — ^ and —1 and it approaches these limits 
as i3 — » ±oo. Since the slope of f2o is or —1/4 in region 1, it follows that there is a unique 
point i3o(g) for each q below which f2 takes its minimum in region 1 and above BQ{q) in region 
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2. Since Qo{B = 1) > — g for each fixed value of q, it is greater than Qq in region 1 and hence 
Bo{q) > 1. 

To find the exphcit form of Qq in region 2, we differentiate (|5.98|) to get 



on _1- 4%(1 -y)- 8qy^{l - y) 
2(1 -y) 



(5.101) 



For q and B positive, it follows from ( |5.101|) that dyQ can have at most one zero where it 
is increasing, and so Q can have at most one minimum for y G [|,1]- Furthermore, since 
dyfl — > cx) as 1/ — > 1 and dyfl{y = 1/2) = 1 — B — q/2, it follows that dyQ has a unique zero 
for y E [|, 1] at which point fl attains its global minimum. Note that we need only consider 
the region B > 1, since as discussed above for B < 1 the minimum of Q lies in region 1. Thus 
for B > 1, the minimum of Q is no[0;/3] = Q{y{q)) where y{q) is the unique solution with 
y G [|, 1] of the quartic equation 



l-AByil-y)-8qy'il-y)=0 



(5.102) 



Although an analytic solution for y{q) is possible, it is rather complicated, and it is more 
instructive to instead explore a small q (strong coupling) expansion of the minimum value Qq. 

First, we note that for g = 0, the admissible solution of (|5.102| ) is yo = (1 + (1 — l/i3)^/^)/2, 
so that over region 2 the minimum of Q for g = is 



(0) 



l + l^og[B{l 



1 - 1/B 



1 



B[l + Jl-1/B 



(5.103) 



^^—^^\q=o- After some algebra, we find to first order in q that 



We now Taylor expand ( |5.98| ) in region 2 about y = yo using ( |5.102| ) to compute the derivatives 



no = ^ + Uog{B{l + ^l-l/B 



B[l + Jl-1/B 



16 



1 + Jl-l/B) +0{q 



(5.104) 



Note that (|5.104|) approaches the value —q+^\og{—2B) — i3 + 3/4 as ;B becomes large, which 
justifies the assertion made earlier that (|5.101 ) as a function of q tends to — 1 as ^ oo and 



that Q eventually gets smaller than the minimum (|5.100|) from the previous region at some 
value Bo{q) > 1. The actual value of Bo{q) is defined by the intersection of (|5.104|) with the 
function — g + (1 — -B)/4, but notice that we can also determine it as 



mm 

?/6[il] 



g(l-|/^)-|log(2(l-y)) 
y' - 1/4 



(5.105) 



which defines the intersection of the envelope function for the collection of lines in region 2 
in ( [5. 981 ) with the minimum value of fl in region 1 in ( [5.1001 ). 



It can be shown by a numerical calculation [ |131|| that for small values of g a good approx- 
imation to Bo{q) is 

Bo{q) ^ 1 + (1.32) ■ ?/2/3 for g < 1 (5.106) 
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For large values of q (weak coupling), the minimizing value of y in ( |5.105| ) is very close to 1, 
so that So(g) tends asymptotically to 



i3o(g) ^ 2(1 + log4g)/3 for g > 1 
Then we can write the minimum of the action VL over both regions 1 and 2 as 

-A, B<l-Aq 



(5.107) 



l-Aq<B<B^{q) 



-A~q + {l-B)/A, 
-A+\ + Uog{B{l + ^l-l/B)) 

-\b{1 + v^l - l/B) - ^g(l + - l/BY , B>B,{q) 
+0{q^) 



(5.108) 



5.4.2 Observables and Critical Behaviour 



We shall now use the action ( ]5.108| ) as an approximation in the partition function ( p.9U| ) and 
examine the phase structure of the induced bosonic field theory ( |5.89| ). We further assume 
now that the field (t){x) is frozen at a mean value at each site x of the lattice . This is 
justified if we assume that the lattice is large enough so that the expectation values (/(0(x))) 
in (^.89|) are approximately the same for each site x. For definiteness, we shall also now take 
V to be the Gaussian potential 

1/(0) = M'^(f (5.109) 

for the scalar field. Thus we effectively want to study the properties of the Hermitian one- 
matrix model 



7(1) 

'KMW 



-N'^M'^ tr 02_jv2z)Qg[0;/3] 



(5.110) 



where from (|5.97|) the functionals .4.[0] and i3[0] appearing in (|5.108|) in the mean-field ap- 
proximation are 



tr 



B\ 



tr 



tr 



(5.111) 



The Hermitian one-matrix model ( p. 110] ) therefore possesses the reflection symmetry — > — 
so that ( tr 0) = 0. This suggests that we could approximate (|5.111|) by ^[0] = and 
i3[0] = tr 0^ without significantly changing the behaviour of the model. This approximation 
(i.e. that (( tr 0)^) ^ ( tr 0^)) is justified in the large- iV limit of the matrix model (|5.110|) 



tr 



with 



because of factorization. With this observation, f2o is now a function of B 
parameter q which we will denote by VLq{B). 

Recall that for large B, VLq is asymptotically equal to3/4 — ^B + i log2i3 — q. It follows 
that for < D the partition function ( p.ll0| ) diverges and the action there becomes infinite 
as tr 0^ — > oo. This corresponds to an unphysical situation where ( tr 0^) = oo. We must 
therefore require that > D in which case all correlators of the matrix model ( |5.110| ) 



should be well-defined. To analyse the behaviour of this matrix model, we consider the case 
D = Q first where the partition function is a pure Gaussian matrix model. Rescaling the field 
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variables in ( p.llOl ) as ^ Mcf)^ we see that the M-dependence of the partition function is 
= 0) ~ M-^\ From (|5lT0D it follows that 

1 91og4U(D = 0) _ 1 



and that the root mean square fluctuation about this average value is 



tr 



tr (j?) {D = 0) 



1/2 



1 dHogZ'^i^{D = 0) 



2\2 



1/2 



(5.113) 



This shows that in the large- iV limit the configurations with tr 0^ away from its mean value 
are largely suppressed. 

In particular, the function /( tr 0^) = M'^B + DQq{B) which is the action in ( [5. 110] ) will 
be very close to its value at i3 = ( tr 0^). Thus, at = oo we can replace / by its first order 
Taylor series expansion about B, and the partition function ( 5.1 10|) can be written as 



lim Z 



N- 



(1) 

KMW 



-N^f'iB) tr 02 



(5.114) 



up to an irrelevant constant. This is simply a Gaussian Hermitian matrix integral, and so 
using (|5.112|) we have 

i3 = ( tr 0^ = l/2m (5.115) 



The correlator ( tr 0^), which displays the local behaviour of the scalar fields in the matrix 



model ( 5.89|) , is therefore determined as the solution of the self-consistency condition ( 5.115 ) 
which explicitly reads 

Dn'g{B) = 1/2B- (5.116) 
Thus for each value of q we can determine the value of i3 = ( tr 0^) for each value of by 



finding the point B where the 2 functions in (|5.116|) intersect. 

From ( p.l08| ) we see that there are 3 different regions of behaviour to consider. For 
i3 < 1 - 4g, we have n'^{B) = 0, while for 1 - 4g < i3 < Bo{q) we find n'g{B) = -1/4. In the 
final region, we recall that flq{B) = Q{y{B,q),B,q) where y{B,q) is the unique solution to 



dyVt{y, B,q) = with y G 1] (i-e. of ( p.l02| )). Thus in the third region in ( p.l08| ) we have 



= ^n{y{B,q),B,q) = -[y{B,q)f 



(5.117) 



and so —D/A < DVl'^iB) < —D in this region. Furthermore, DVL'^iB) asymptotically ap- 
proaches D/2B — D for large B, and, since flq{B) is concave down everywhere, ^'q{B) decreases 
from some value less than —l/4:a.tB = Bo{q) towards —1 as i3 — > 00. The value of ^q{B) in 
the third region can be calculated numerically for any q using ( p.ll7| ) and ( |5.102| ) [|131|| . 

The function l/2i3 — will intersect DQ'g{B) in the first region if the equation 1/2B ~ 
= has a solution with B < 1 - iq. This implies that ( tr 0^) = 1/2M'^ for g < ^(1 - 
1/2M^). Next, ( |5.116| ) has a solution in the second region if the equation l/2i3 — = —D/A 
has a solution with l-Aq < B < Bo{q). In the physical region, 1/2;B-M^ < 1/2- D < -D/A 
at B = 1 and for D > 1, and so such a solution always exists and we find ( tr 0^) = 
1/2(M2 -D/A) for q > i(l -1/{AP - f )). Finally, we note that the third region never plays 
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a role in determining the behaviour of B with respect to and q, because the restriction 
> D ensures that the functions in (|5.116| ) always intersect in one of the first 2 regions. 
Recalling the definition of q in ( p. 991 ), we can summarize the behaviour of the scalar field 
correlator as 



tr 



2M2 



2(M2-D/4) 



1 



D - 1 



D - 1 



2M2 



(5.118) 



2(Af2 - D/4)_ 



for > D. For < D we are in the forbidden region of the theory where ( tr 0^) diverges. 
Notice that there is a small region of ambiguity between the 2 regions in (|5.118|) where the 
scalar correlator is not determined. This is most likely due to the fact that the action Qq{B) 
is not smooth at B = 1 — 4g, so that the assumption that it can be replaced by its Taylor 
series expansion to first order is questionable. The Hermitian one-matrix model ( ^.110|) may 
have a smooth transition between B = 1/2M'^ and B = 1/2{M'^ — D/A) in the vicinity of this 
ambiguous region, but there is a reasonable chance that the transition there is some sort of 
singular phase transition, and that there is a critical line somewhere in this region. 

Finally, we would like to determine the correlator ( Re iy[?7; □]) which describes the 
local behaviour of the gauge fields in the model ( |5.89| ). The average of this quantity over all 
plaquettes is given by 



Re W[U; □]) 



dZ 



(1) 

KMW 



m Yo\{C^)D{D - 1) d(3 



(5.119) 



From ( |5.108| ), we easily find that 





Re W[U; □]) 



in 



D- 1 



2M2 



(5.120) 



D-l\ 2{KP -D/A)^ 



Thus, setting /3 = in the above to recover the Kazakov-Migdal model, we see that the 
mean field theory results seem to suggest the existence of a phase transition in the Itzykson- 
Zuber integral /[(/)(x), 0(?/)]. Although this seems to contradict the exact solutions of the 
Gaussian Kazakov-Migdal model which are based on the Itzykson-Zuber formula, the latter 
formula is valid only with the a priori assumption that there is no phase transition in this 
unitary matrix integral separating 2 regions of different behaviour for different sizes of the 
components of 0. Nevertheless, we do recover here the previous exact results of Gross |64 



and the mean field theory results of Khokhlachev and Makeenko ||79| which both showed that 
there is a barrier in the Gaussian model at = D (below which lies an unstable Higgs 
phase due to an unlimited Bose-Einstein condensation of the scalar fields) and that there 
is no phase transition as is varied in the physical region > D. Thus the Gaussian 
Kazakov-Migdal model has no continuum limit. 

What is particularly interesting in the above extended mean field theory analysis is the 
appearence of a possible phase transition between 2 regions as (3 is increased for any given 
value of M^. Furthermore, the critical curve actually intersects the /3 = axis at some > 0, 
although this intersection point lies in the unphysical < D region. If this intersection 
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occured at some value > D then the corresponding phase transition could be exactly what 
is needed to define the continuum limit of the Kazakov-Migdal model. There is therefore some 
hope that a similar model may have the correct behaviour to define a continuum limit. Of 
course, there is less of an accuracy in the mean field theory results here than in the fermionic 
case It could be that the non-trivial phase structure observed above is merely an artifact 



of the phase transitions that occur in the trial partition function of the mixed unitary matrix 
model. However, it has been argued by Khokhlachev and Makeenko [|7^ that such mean field 
approaches are reasonably accurate for the description of phase transitions. Moreover, the 
mean field value ( |5.11^ ) for the scalar correlator at /5 = is very close to the exact result 



43, H (see Subsection 1.1.3 with D = there) 

tr (j?) = , \ (5.121) 

In addition, because of the local phase invariance U ^ e^^U of the Kazakov-Migdal model, 
the mean-field value of for the Wilson loop expectation value in the first phase in ( ^.120| ) is 
correct. On the other hand, at weak-coupling (3 ^ 00 the Wilson action ( ^.6|) is minimized 
when all the unitary matrices there are set equal to the identity matrix, so one expects a value 



of 2 for the Wilson loop expectation value in the second phase in (|5.12CI|) . The discrepency 



in ( 5.1201) is due to the fact that the mean field approximation is a bit too crude for the 



calculation of gauge field correlators. To properly compute these correlators, one must turn 



to the method of loop equations for the matrix model This will be the topic of the 

next Section for the fermionic case. 



6 Loop Equations and Observables in Higher Dimen- 
sional Adjoint Fermion Matrix Models 

We now turn to a more precise investigation of the characteristics of the adjoint fermion matrix 
model (15.11). To get a more exact understanding of the behaviour of its observables, we must 
once again resort to the Makeenko-Migdal method of loop equations. The loop equations for 
the matrix model ( p.lj ) are the only way here to study the precise behaviour of observables 
of this model, and to obtain the exact characteristics of the critical behaviour of the induced 
gauge theory. Furthermore, by investigating the observables associated with extended objects 
in the model (the open-loop averages) one can check to see if, while the gravitational part of 
the system is continuous, the matter fields become critical at a given fixed point . 



6.1 Loop Equations for Extended Averages 

To generate the observables of the adjoint fermion matrix model ( |5.1| ), we must generate 
all the correlators of the two-matrix model of Section 4 at each site and link. In this case 
the pair correlators of the gauge fields can be evaluated from the one-link expectation values 
( |4.23| ), since at large- the expectation value of any quantity such as UijU\^ factorizes into 
one-link averages. Because of the higher-dimensionality of the model now there are, however, 
numerous other gauge correlators that can be formed along curves in the lattice. Gauge 
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invariance implies that any such observable must be some sort of combination of the Wilson 
hne operators ( |5.7| ). However, the space of gauge- invariant operators must be further reduced 
because of the local f/(l)-gauge symmetry ( |4.4| ) at a given link. In particular, as mentioned 
before, this extra symmetry excludes the conventional Wilson line operator ( p.7| ) since then 

{W[U-C]) = Q (6.1) 

The non-vanishing observables at = oo must contain the same number of U and t/^ 
operators at each link. The complete set of gauge correlators of the model ( |5.1|) are therefore 
generated by the operator products 

W[U- Ci, . . . , Cfc] = W[U- Ci] ■ ■ ■ W[U- Ck] (6.2) 

where 

Ci + . . . + Cfe = (6.3) 
The simplest examples of such gauge-invariant operators are the adjoint Wilson loop 

Wa[U] C] = W[U] C, -C] - = \ W[U; C]\^ - (6.4) 
and for D > 1 the filled Wilson loop 

W[U; S] = W[U; 9S] [] W[U; □]* (6.5) 

□es 

where S is a 2-dimensional surface in the lattice with boundary the loop 9S. The filled 
Wilson loops are particularly important if we wish to interpret the induced gauge theory as 
QCD. If this is to be so then there must be an observable such as the Wilson loop which 
for Nf < oo obeys an area law in the confining phase ||133|| . Since the adjoint Wilson loop 



generally only obeys a perimeter law, the filled Wilson loop (|6.5|) is the only reasonable 



candidate for such an observable I^Sj. Furthermore, in the continuum limit it depends only 
on dT, and reduces to the conventional Wilson loop [Q. It is in this way that the adjoint 
fermion model ( p.!]) may induce QCD in the continuum limit even though in QCD the extra 
local [/(l)-gauge invariance is absent. Moreover, the filled Wilson loop observables in the 
Kazakov-Migdal model can be represented as sums over fluctuating 2-dimensional surfaces 
in such a way that surfaces with contractable boundaries play the role of the physical states 
(gluons) while uncontractable boundaries describe world-sheet vortices [Q. The filled Wilson 
loops are therefore important for constructing string theories in dimension D > 1 from the 
induced gauge theory model. As discussed in the Section 4, however, there is no direct way 
to evaluate these gauge field observables from the Schwinger- Dyson equations for (|5.1[). 

It is possible that the critical behaviours of observables in the induced gauge theory could 
be seen from the criticality of the inducing matter fields. To explore the possible criticality 
of the matter fields of the matrix model ( |5.1| ), we investigate now the observables which are 
associated with extended objects in the model. The quantum equations of motion for the 
open-loop fermion observables (and in particular the lattice Dirac equation) relate closed 
adjoint Wilson loops to open ones with fermions at the ends. As usual, the loop equations 
are formally solved at A^ = oo. However, for the D-dimensional model (|5.1| ) it turns out that 
in addition they are only amenable to explicit solution in the strong coupling regime of the 
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theory where the local confinement condition ( |5.86| ) holds. To see this, consider as an example 
the open Wilson line correlator 



= ( tr (x) (p n U{x', y')] f r,{y) 

xP n U\x',y')) (6.6) 

{x',y')£C^,y I 

where n and v are spin indices and Cx,y is a contour connecting the sites x and y. The 
delta-function on the left-hand side of ( |6.6D arises because the action (|5.2| ) is diagonal in the 
flavour indices. It therefore suffices in the following to consider only a single fermion fiavour, 
Nf = 1. The leading 1/z term in the asymptotic expansion of (|6.6| ) is the open Wilson line 
with fermions at its ends 

H'"'{Cx,y) = ( tr r{x) (P n U{x',y')] riv) 

xP n U\x',y')) (6.7) 

(x',y')eC^,y I 

Ai N = oo the multi-link correlator ( |6.7| ) can be factored into a product of one-link correlators 

H';;'' = ( tr ^^(x)f/(x, X + £)^/''^(x + l)U\x, x + £)) (6.8) 

Since the Wilson line in (|6.7| ) is in the same (adjoint) representation as the fermion fields, 



we can use the standard large-mass expansion of lattice gauge theory ||5^, |133|| to represent 
( |6.7| ) as a sum over lattice loops 

PY[vA (6.9) 

where the sum is over all paths Ty^^ which when joined to Cx^y result in a closed contour. 
In the strong coupling regime the paths Ty^^ coincide with Cx,y with opposite orientation 
modulo backtrackings which form a 1-dimensional tree graph. Thus in this case the problem 
of calculating the path amplitude ( |6.9| ) is reduced to the combinatorial problem of summing 
over 1-dimensional tree graphs embedded in a D-dimensional space. In the phase with normal 
area law, non-trivial loops contribute to the sum in ( |6.9| ) and lead to rather complicated 
unitary matrix integrals in what follows. It seems that only in the local confinement phase, 
where the dynamics of extended objects are trivial, can one write down a complete set of 
Schwinger-Dyson equations for the local objects. In this Section we shall be concerned with 
the contributions from the tree-like, or polymer, graphs in ( |6.9| ). 

To explicitly see how the strong-coupling assumption formally simplifies the evaluation of 
correlators, consider a general expectation value of the form 

if;(0) = ( tr OU{x, X + £)^'^(x + l)U\x, X + £)) (6.10) 
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where the operator O is independent of the operators U{x,x + i), W{x,x + £), ip{x + £) 
and ipi^x + i) (e.g. see (|6.8|)). If we expand the exponent in ( [5.1[ ) in a power series in all 
of the coupling constants of the potential except the mass m of the fermion field, then the 
calculation of ( |6.10| ) reduces to the evaluation of Wick contractions among iply) and ipiy) and 



an integration over all U{y,y + i). The U{N) integration can be carried out independently 
on each link because there is no kinetic term for the gauge fields. Thus to evaluate ( |6.10| ) it 
suffices to consider the one-link correlator 

(tr T'^Ux^U^)iL 

_ J[dU] Jdx dx e^' (v(xx)-^ViUxU^-xPtuHu) t^Ux^U^ ^^'^^^ 
= j[dU] jdx dx e^' (yixx)-^T'iUxU^-xPtuHu) 

since the remaining part of the large-mass expansion (see (|6.9| )) decouples due to the properties 
of the unitary matrix integrals in the local confinement phase and large- factorization. In 



( |6.11| ) the average is with respect to U and x only with ^ip playing the role of an external field. 



The integration in the large-mass expansion of ( |6.11| ) can be carried out over x and x using 



the Wick rules, after which the unitary matrix integration is rather simplified, because all the 
U matrices cancel with their conjugates f/^, and leaves a functional of only tr T°"ilj'^{ijjil))^ 



lOlf . This is because the potential depends only on ipip so that terms such as tr T^-ip^ip'^ 
do not appear when evaluating ( |6.11|) using the above rules. The one-link correlator (|6.11|) at 
N = oo therefore has the form 



tr T''Ux^U^)iL = Y.^VtT" tr T'^^Ti^^) 

s oo 

= E(nTE^ntr T>-(V^z^)' 



(6.12) 



v=l n=l 

where s = 2'^/^] is the number of spin components of the fermion fields and 



Fiz) = Y.F^z^ (6.13) 

n=l 

is some analytic function^. Thus the general correlator ( |6.10D has the form 



H^{0) = Y^iT^iT ( tr OF{i,{x)i){x))i)''{x)) (6.14) 



The coefficients F„ for ( |6.11| ) will be different than those for the full lattice correlator ( |6.10D , 
but the analytic function F{z) in (|6.14|) is universal in that it is independent of the explicit 
form of the operator O. The function ( |6.13D depends on the potential ( p.5[ ) and in general it 

^^In the Kazakov-Migdal model, this function appears as the large- limit of the logarithmic derivative of 
the Itzykson-Zuber integral in the saddle point equation ( 1.56| ), 
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is not possible to determine its exact form. As will be discussed later on, one must substitute 
for it an appropriate ansatz. 

The loop equation for the open-loop average (|6.6|) follows from the invariance of the 
integration measure over ijj[x) in ( |6.6|) under the infinitesimal field shifts 

tpix) ^tpix) +e''{x)T'' (6.15) 

in analogy with (|4.39 ). In analogy with ( |4.38|) , we consider the loop average 



which vanishes because of the gauge invariance of Working out the resulting correlators 

in the usual way by performing the shift (|6.15|) of ip{x), using the invariance of the integration 
measure and calculating the derivatives q!^^, it is straightforward to show that this leads to 
the Dirac open- loop equation for ^(x) 

r d)^ Yli^n{\; c,,y) - J2 (T^in{z- o a,,) + vin{z- c,.-^,. o a,,)) 

xP n U\x',y')) 

where the path Cx±i^x ° C^^y is obtained by attaching the link (x, x ± to the loop C^^y at 
the endpoint x, and an implicit matrix multiplication over spin indices is assumed in ( |6.17|) . 
The left-hand side of the loop equation ( |6.17] ) results from the variation of the action in (|5.1|) 
while the right-hand side represents the commutator term resulting from the variation of the 
integrand in (|6.16| ). 

The right-hand side of ( |6.17D is non-zero only for closed contours and at large- A^, when 
factorization holds, it becomes 

KyWA{C.,.)uj{zf + 0{l/N^) = 6.,y6o,A^Uc..M^f + Oil/N') (6.18) 
in the strong coupling regime where all closed contours C^^x are contractable. Here 

^ ^ { z — il){x)ip{x) ^ ^ 

and thus at = oo the right-hand side of the Dirac open-loop equation involves only the 
generators of the ^/^t/^- moments. This is the primary simplification at strong coupling, since 
otherwise the Dirac equation ( |6.17| ) involves non-trivial adjoint Wilson loops which are not 
readily determined. 

We should point out here that there is one more loop equation that is obeyed by the 
open-loop averages. These are the Schwinger- Dyson equations (and in particular the lattice 
Yang-Mills equation) which express solely the invariance of the Haar measure over f/(x, x + £) 
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under arbitrary changes of variables. In particular, the Haar measure [dU (x, is invariant 

under the infinitesimal shift 



U{x, x + i) ^{1 + ie{x, X + i))U{x, x + i) (6.20) 

of the gauge field U{x, x+i) at the link {x, x+i), where e(x, x+i) is an infinitesimal Hermitian 
matrix. For example, consider the open-loop correlator 



z - ■^{x)ij{x) \ ' j w - i){y)i){y) 



(x',y')eC, 

xP n U\x\y') 



(6.21) 



The loop equation for (|6.21|) then follows from the identity 



0=(tr TT^Y-rrk n U{x\y')\T'^P \{ U^{x\y') 



z — ip{x)il){x) 



X trTMP n U{x\y')\ ^fyy^P R U\x\y')) (6.22) 

which vanishes due to the gauge invariance of ( ^.1|) . Performing the shift (|6.20| ) in (|6.22|) 
of U{z, z + i) at some link (z, z + £) & Cx,y and using the invariance of the Haar measure 
leads to a set of equations which is not closed because it introduces higher-order correlators of 
the gauge fields (i.e. those of the form {UUWW)). Thus the Yang-Mills open-loop equation 
expresses the one- link correlators of products such as UUU'^U'^ in terms of the pair correlators 
of the gauge fields ;^Cjj = {UijUjj) ||96l. As mentioned before, however, there is no direct way 



in the adjoint fermion matrix models to generate the pair correlators for the gauge fields from 
the equations of motion of the model. 



6.2 Loop Equations for One-link Correlators 



The extended loop averages such as ( |6.6| ) can be computed at = oo by solving the loop 
equations ( 6.17| ) directly (see below) or by first computing the corresponding one-link corre- 



lators and then convoluting them together using appropriate variations of the pair correlators 
for the gauge fields. In the Kazakov-Migdal model this convolution can be carried out straight- 
forwardly for the same reasons discussed in Subsection 4.1 (see eq. ( |4.25| )). For example. 



the adjoint Wilson loop in the Kazakov-Migdal model at = oo can be computed as 

W^{T) = / n ^"i p("i)C(ai, «2)C(a2, "s) ■ ■ ■ C(az(r)-i, ai(r))C(az(r), en) (6.23) 
i=i 

and similarly the analogs of the extended loop averages such as ( |6.21| ) can be explicitly 
calculated by substituting the gauge field correlation function at each link i by C(a£,af+i) 
and integrating over the a^'s. Although it is not clear how this latter method will carry 
through in the adjoint fermion model, we can at least formally solve the one-link problem 
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from a complete set of Schwinger-Dyson equations in the hope of being able to study the 
critical behaviour of the model in terms of the one-link averages. 

The complete set of observables of the matrix model ( ^.l]) at iV = oo and in the local 
confinement phase are generated by the even-even one-link correlator 

g{z,w) = I ii J— — f/(a;,a; + £) j-. \—. -U\x,x + t)) , (6.24) 

the odd-odd one-link correlator 

/ 1 

n^\z,w) = i trV^'^(x) J—-—U{x,x + ^) 



z — ip{x)^jj{x) w — ^p{x + i)^jj{x + i) 

xtlj''{x + e)U^{x,x + £)) (6.25) 

and the generators ( |6.19| ) of the '?/'(x)^/'(x)-moments at the same site x G C^. From the 
symmetry U W of the Haar measure and the fact that the potential V in ( p.2| ) is the 
same at each lattice site it follows that the functions ( |6.19| ), ( |6.24| ) and ( |6.25[ ) obey the usual 
symmetries 

g{z, w) = g{w, z) , n';\z, w) = n^iw, z) (6.26) 

for this symmetric case. The generating function g{z^w) therefore has the same asymptotic 
expansions as in ( |4.15|) but now with Qn{z) = Qn{z)- Furthermore, these generators are all 
independent of the lattice position x because ( p.l| ) is invariant under lattice translations and 
rotations of the lattice by |. 

The loop equations can be derived just as in Section 4 by considering the identical identities 
there with tp = ip^{x), x = '^'^{x + etc. For instance, consider the identity 

^ -Uix,y) ^ r{y)Uiy,x)] 



z — ^jj{x)^jj{x) w — ^jj{y)ip{y) 



z - /(xMx) ^'(")7^^("'^)^-^(',)^(,)^'(^)^(^'")) 

- ( tr ^S^M^^.(a;)f/(x,y) ^-^^r{yMy,x)) (6.27) 

\ z-tp{x)^{x) w-ip[y)i)[y) j 



w 

1 



U{x, y) , , V{y)U{y. x) 



z — il){x)ip{x) ' w — ip{y)il){y) 

where y = x + I. The first correlation function in ( |6.27| ) can be factored at large- iV into 
the 2 terms ijj{z)l-Ol^ {z,w). '^^^ third term contains link operators which connect the site 
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X to all neighbouring points. One of these connects x io y = x ^ i and thus contributes a 
term proportional to —ioi^z) + wQi^z^ vS). In this same term, there are also ID — 1 links which 
connect x to other sites. For these we can use the fact that the quantity \J{u, x)ip^{u)U^ {u, x) 
inside the expectation value bracket can be replaced by the analytic function F{il){x)il){x)) at 
= oo as discussed in the last Subsection (c.f. eq. ( |6.14| )). 

With this input, we arrive at the analog of the loop equation ([4.33|) for the D-dimensional 



matrix model (|5TT 



d\ V'(A)A 



n^''ix,w) = 



fc 2TTi z — X 

Multiplying ([OSl) by {V^Y" and summing over the spin indices, we can rewrite it as 



u!{z)H{z, w) — a {wQ{z, w) — uj{z)) — i ^^^--^^—^H{X, w) 



fc 2m z — X 

where the effective potential V{z) is defined through 

V'{z) = V'{z) - 2a{2D - l)F{z) 

and we have introduced 







H^z, w) 

which has the asymptotic expansion 



H{z, w) 



TR VtHtiz^w) 



(6.28) 

(6.29) 

(6.30) 
(6.31) 

(6.32) 



and from the symmetries (|6.26| ) and the definition (|6.31|) it follows that it has the symmetry 
property 

n{z,w) =n{w,z) (6.33) 



In a similar fashion, we can write the analog of the loop equation ( |4.29| ) for the D- 
dimensional matrix model ( p.l| ) as 



[s + 1- zuiz)) Giz, w) + niz, w)+<f^ yi^g(X^ nj) 

Jc 2t\i z — X 







(6.34) 



The analogs here of the other 2 loop equations ( [4.31| ) and ( [4.35| ) are identical to the above 
loop equations because of the symmetries ( |6.26D and ( |6.33| ). For D = \ {s = 1) and chiral 
fermions (cr = —1), the loop equations ( [6.34] ) and ( |6.29| ) coincide, respectively, with the 
loop equations ( |4.29| ) and ( [4. 331 ) of the fermionic two-matrix model ( [4.1[ ) with V = V . The 
analogs of the asymptotic equations ( |4.41| )-( P:.43D of the two-matrix model in the present case 
are respectively then 



finiz) = {ZUJ{Z) -{S + 1)) g^{z) yli^g„(X) 

Jc 2m z — A 

(^Qn+l{z) =Uj{z)Hn{z) - ^ ^ ^ ^^^^ ^HniX) 



and 



azuj{z) = cr 



c 2m z — X 



. ^ V{X)xn{z,x) 

c 2ttz 



(6.35) 
(6.36) 

(6.37) 
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6.3 The Ansatz 



The equations (|6.35| )- (|6.37|) formally determine the one-loop correlator uj{z) in terms of the 
effective potential ( |6.30| ), rather than the given potential in ( ^.21) . In general this effective 
potential is not known and must be assumed to take a particular form at the onset. To 
determine V{z) formally from the above equations, and hence find F{z), we note that from 
(|67[^ ), ( ^ ), (|63l| ) and (|3D we have the equation 



-a 



d\_ F(A)A 
c 2TTi z — X 



(6.38) 



( |6.38| ) can be rewritten using ( |6.35| ) as 

(s + 1 



zuj[z))uj[z) + f 7^ —^[■^) — o" 



c 2'Ki z — X 



c 27Ti z — X 



uj{X) = 



(6.39) 



which resembles the large-A^ loop equation ( |3.18| ) of the fermionic one-matrix model. From 
this we can conclude that the continuous part of uj{z) across its singularities leads to the 
saddle point equation 



2 {uj{a + ex) + uj{a - e±)) = {s + l)/a- V'{a) + aF{a) 



(6.40) 



where a lies on a branch cut of uj{z). Notice that for Kogut-Susskind fermions where s = 1 
86], the above equations coincide with those of the fermionic two-matrix 



-1 SO 



and a 

model ( [4.1[ ) with V = V. Notice also that the above equations are drastically simplified for 
Wilson fermions which have a = 0. As mentioned before, this simplifying feature for Wilson 
fermions is a consequence of the fact that if ( |5.73| ) vanishes then backtracking paths never 
contribute to the representations of the correlators as sums over lattice paths. 

Although the equations above formally determine the effective potential V{z), they are 
still rather complicated because in general V{z) can be non-polynomial and have singularities 
in the complex plane away from the branch cut and pole singularities of uj{z). The problem 
simplifies, however, if we assume that V{z) is analytic on the entire complex plane except 
possibly at infinity, 

°° a 

V{z) = J2 (6-41) 



n=l 



n 



so that the asymptotic equation ( |6.37|) becomes 



azLj{z) = cr gnHn-iiz) 



(6.42) 



n=l 



and similarly the other contour integrals simplify to forms analogous to those in Subsection 
4.1. Then the equations (|6.30| ), (|6.40| ) and ( |6.42| ) unambiguously fix the functions V{z), F{z) 
and uj{z) for a given potential V{z). ( |6.41| ) is considered as an ansatz for V{z) to be used in 
solving the loop equations. Once V{z) and F{z) are then explicitly determined, the original 
potential V{z) of the adjoint fermion matrix model ( |5.1| ) can be determined from ( |6.30| ). 
Because the terms involving F{z) disappear in certain instances (e.g. D = \) it is natural 
to regard ( |6.41| ) as the potential of the proper two-matrix model to which the D-dimensional 
matrix model has been effectively simplified. As for the two-matrix model, however, the 
equation determining oo{z) will be a (2ii')-th order polynomial equation when ( |6.41| ) is a 
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polynomial of degree K, and moreover these equations will all involve the set of unknown 
coefficients of the ansatz ( |6.41| ). 

Similarly, the loop equations ( |6.17|) for the extended loop correlators are solved by sub- 
stituting in an appropriate ansatz for T-C^'^{z] Cx,y)- The proper ansatz that one should take 
can be deduced from the large-mass expansion ( |6.9|) . From the definitions (|6.6|) and (|6.10|) 
and the relation (|6.14| ) it follows that the Dirac equation (|6.171) can be solved in the strong 
coupling regime using the ansatz 



(z; Cx,; 



'F{z)- 



L{Cx,y) 




(6.43) 



where L{Cx,y) is the algebraic length of the path Cx,y (i.e. the lattice length after eliminating 
all backtrackings in C^^y)- The spin factors in (|6.43|) are needed to cancel the projection 
operators appearing in ( |6.17|) . One must now substitute an ansatz for F{z), and when this is 
substituted into the loop equation (|6.17| ) we will obtain an equation both for L{Cx,y) 7^ when 
X ^ y in ( |6.17|) and also for L{Cx,x) = when x = y and all closed contours are contractable. 
The exact solutions of the loop equations for a given potential then represent the solution 
to the combinatorial problem of summing over 1-dimensional tree graphs embedded in a 
D-dimensional space. 



6.4 The Gaussian Model 

For the Gaussian potential V{z) = mz, we substitute into the loop equations the ansatz 

V{z) = U-^z (6.44) 
The asymptotic equation (|6.42| ) then implies 

azuj{z) =a- n"^7i:o(-2) (6.45) 

where from ( |6.35| ) 

Hoiz) = {zuj{z) - (s + l))uj{z) + U-^zuj{z) - U-^ (6.46) 

These 2 equations combine to give as usual a quadratic equation for the one-loop correlator 
uj{z), and the relations ( |6.30|) and (|6.4CI| ) imply that 



n = , (6.47) 

/m2 - 4(t(2D - 1) + m 



and 

F{z) =Uz= , (6.48) 

^Jm^ - Aa{2D - 1) + m 

The one-loop correlator is thus 

toiz) = ^ (^^^ - /i + ^^J^^^z^ - 2(s - l)/iz + (s + 1)2^ (6.49) 
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where 



fx 



n-^ + an 



{D - l)m + DJm^ - Aa{2D - 1) 



(6.50) 



2D - 1 

Notice that only for Kogut-Susskind fermions, which are effectively spinless Grassmann vari- 
ables ||8^ , does the usual fermion chiral symmetry become an invariance of the model. Finally, 
combining the loop equations ( |6.34|) and ( |6.29|) determines the even-even and odd-odd one-link 
correlators as 



aw{uj{z) + uj{w)) - a- Il-^u{w){u;{z) + U'^i 



iu{z){2{s + + U-^)z - U-^z'^) + n-i(s + l)z - U-'^z^ -aw + fi 

n{z, w) = {ii~^z + zuj{z) - (s + i))giz, w) - u-^ 



(6.51) 



^uj[w) (6.52) 
It is easy to verify that these correlators are symmetric and non-singular for any z and w. 



The constant 11 above and the one-loop correlator ( |6.49| ) could also have been found by 
substituting the ansatz 



(6.53) 



Wiz;C,,y) = U'^^''^-^cu{z)lp n 

y G Cx , y 

into the Dirac equation ( |6.17| ) which in the case at hand reads 

D 

= SxJo,AmUc.,.)^i^f (6-54) 

Setting X y in (|6.54] ) then yields ( |6.47| ) and the x = y equation for contractable loops 
yields the quadratic equation above for lj{z). Notice that for Kogut-Susskind fermions, (|6.49| ) 
coincides with the solution of the Gaussian model of the Subsection 4.2. For Wilson fermions 
the above solutions simplify since when the backtracking parameter a vanishes we have 



l/m^ 



(6.55) 



and the solution therefore coincides with the leading-order of the large-mass expansion. This 
is not surprising, since as discussed before for Wilson fermions backtracking paths never 
contribute and thus the leading term of the large-mass expansion yields the exact result for 
the adjoint fermion matrix model ( ^.1|) with Wilson fermions. 

The ^2 coefficient in the asymptotic expansion of the one-loop correlator ( 6.49|) is the 
expectation value 



^ = ( tr ilj{x)ip{x)) = - 



{2D - l)s 



{D - l)m + D Jm2 - Aa{2D - 1) 



(6.56) 



This correlator coincides with that obtained for lattice QCD with fundamental representa- 
tion fermions when the coefficient of the Wilson action ( |5.6| ) vanishes [^. Indeed, there is 
an analogy based on the Dirac equation between adjoint and fundamental fermions in the 
phase with local confinement for the Gaussian potential |8^. The fact that ( |6.56| ) is the 
same for adjoint and fundamental fermions follows from the lattice loop representation of the 
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propagators of the theory, i.e. in the case of the fundamental representation the exact same 
combinatorial problem of summing over tree diagrams emerges. In particular, as discussed 
in the non- vanishing of ( |6.56| ) implies that the adjoint fermion matrix model ( |5.1| ) in 
this way furnishes an interesting example of a quantum field theory with spontaneous chiral 
symmetry breaking and associated non-trivial fermion chiral condensate leading to a possible 
composite Higgs phase of the matrix model. This coincidence is no longer valid, however, for 
the higher order moments of these 2 fermion matrix models. 

Notice that the above strong coupling solutions of the Gaussian model are non-singular 
for any > 0, contrary to the Kazakov-Migdal model E^, Bl, |79|, p5[ (see Subsection 



5.4 above), and so the solutions in the fermionic case are stable everywhere. However, the 
matrix model (|5.1| ) undergoes a first order large- phase transition beyond which the strong 
coupling solutions above are no longer applicable. The critical point of this phase transition 
is quite regular from the point of view of the large-mass expansion and the strong coupling 
solution is insensitive to the large- iV phase transition which occurs inside the region where the 
large-mass expansion converges. In the phase with normal area law the ansatz of Subsection 
6.3 above is no longer valid and the solution of the loop equations in this regime will be quite 
different. The weak coupling phase where the dynamics of extended objects are non-trivial is 
very similar to the standard Wilson lattice gauge theory | ]133| ]. We remark that one could also 
study the -^-expansion of the D-dimensional model ( pTT| ) in the same way as in the previous 
Sections. For instance, the next-to-leading order in contribution to the Dirac equation 
( |6.17| ) for the Gaussian model leads to the adjoint Wilson loop | ]109| j 



Wa{T) = 5o,L(r) + [n^^^^l - 5o,L(r)) - l]/N^ (6.57) 

The leading term here is the usual contribution from the backtracking loop which corresponds 
to an infinite string tension. The correction describes the perimeter law for pointlike quarks 
propagating along the adjoint double loop[5 The Schrodinger wave equation is then effectively 
obtained by summing over all of these closed contours. Thus the higher order terms in the 
-^-expansion of the adjoint fermion matrix model (|5.1| ) provide information relevant to the 
physical matter content of the gauge theory. 



7 Super symmetric Matrix Models 

In this final Section we shall present yet another application of the fermionic matrix model 
formalism to the representation of the polymer phase of bosonic string theory in target space 
dimensions D > 1 We shall be ultimately interested in the next level of complexity 



of the matrix models we have considered thus far, namely the combination of fermionic and 
bosonic matrix degrees of freedom into a supersymmetric matrix model. We will primarily 
discuss models which are defined in terms of matrix superfields defined in zero-dimensional 
target and supersurface spaces. These models are therefore a version of the D = 1 Marinari- 
Parisi superstring models | |103|| which were the first proposed supersymmetric extensions of 



the matrix models describing strings and discretized random surfaces. These models differ 
from the Gilbert-Perry Hermitian supermatrix models which are related to the Penner matrix 



""^^A rectangular adjoint Wilson loop, with space and time lengths L and T, respectively, can be interpreted 



in the limit T — > oo as the energy of a pair of mesons with separation L |132] 
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models 0, As always, in these simple D = cases a Hermitian fermionic matrix formal- 
ism is avoided because nilpotency always implies that tr ip'^ = 0. The higher- dimensional 
supermatrix models will be briefly described at the end of this Section. 

From a combinatorical point of view, the supersymmetry of the matrix model renders the 
partition function trivial. However, the matrix propagators in D = correspond to a sum over 
polymer trees which describe a particular combinatorical problem that we shall describe here 
in detail. Thus the supersymmetric matrix model contains a dimensional reduction, because 
of the cancellation of bosonic and fermionic matrix field loops due to supersymmetry, so that 
for D = it is very similar to a vector model in that it counts random polymers rather than 
random surfaces. Indeed, the Marinari-Parisi supersymmetric matrix models in D = 1 were 
originally introduced to describe the same random surface theories as the D = Hermitian 
matrix models. Adding supersymmetry to the purely fermionic (or bosonic) theory makes it 
more rigid and reduces the number of degrees of freedom. As we will discuss, this is observed 
in an extreme way, whereby only a very small subclass of graphs corresponding to branched 
polymers survives when one examines the diagrammatic expansions of non-supersymmetric 
observables. In the D = cases, these models are motivated by the notion of 'folding', 
an important concept in polymer physics. We can consider a statistical model of randomly 
branching polymer chains which are made up of n independent constituents, and which may 
therefore fold onto themselves. The entropy of such a system is obtained by counting the 
number of inequivalent ways of folding the chain. The combinatorial problem of enumerating 
all compact foldings is equivalent to another geometrical problem, the meander problem |39, 
pO| , i.e. the problem of enumerating the configurations of a closed road crossing an infinite 
river through n bridges. 



7.1 Meander Numbers and Random Matrix Models for the Mean- 
der Problem 

Consider an infinite straight line (river). A meander of order n is defined as a closed self- 
avoiding connected loop (road) which intersects the line through 2n points (bridges). It 
can be viewed as a compact folding configuration of a closed chain of 2n constituents (in 
one-to-one correspondence with the 2n bridges) by putting a hinge on each section of the 
road between 2 bridges. The principal meander number is defined as the number of 
topologically inequivalent meanders of order n. It also therefore describes the number of 
different foldings of a closed strip of 2n stamps or of a closed polymer chain. One can also 
consider a generalized version of this problem. The multi-component meander numbers Aill'^ 
are defined as the number of topologically inequivalent meanders of order n with k connected 
components, i.e. made up of k closed connected non-intersecting but possibly interlocking 
bridges which cross the river through a total of 2n bridges [k loops of the road). Clearly 
A4n = -Mn^- The results of a computer enumeration of the meander numbers up to n = 12 



have been presented in 



To obtain a matrix model representation of meanders we note that the enumeration 
of (planar) meanders is very close to that of 4-valent (genus h = 0) fat-graphs constructed 
from 2 self-avoiding loops (1 black B, 1 white W) intersecting each other at simple nodes. 
The B-loop corresponds to the river (closed at infinity) while the W^-loop corresponds to the 
road. Such a fat-graph is called a black and white graph. Since the river now becomes a loop. 
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this replaces the order of the bridges by a cychc order and identifies the regions above and 
below the river. Thus is now given by the meander number for the inequivalent black 
and white graphs with 2n intersections times An (2 for the up-down symmetry, 2n for the 
cyclic symmetry) weighted by the symmetry factor |G(JF)| for each fat-graph JF. The same 
connection holds between M.^^"^ and the black and white graphs where the white loop has k 
connected components. 

The black and white graphs can be generated by the N x N Hermitian multi-matrix 
integral 

Zim, n, c;N) = l f[ dB, fl dW^ e"^' ^I^'^l (7.1) 

where the action is 



b=l a=l 



" R2 m Ti/2 „ 

P[B, W^] = E^ + E^-2E BbW.B.Wa (7.2) 

6=1 a=l a,b 

Here a, b are "colour" indices and c is the coupling constant for the quartic interactions 
between the fields Bb and Wa- The perturbative expansion of logZ in powers of c gives 
a series in which the term of order v can be readily evaluated as a Gaussian multi-matrix 
integral. The Feynman rules lead to the propagators 

imABb'U, =0=^-^5^^' ' mah[Wa'W),=0=^-^Saa' (7.3) 

and the only vertices are 4-valent ones which have alternating black and white edges and which 
therefore describe simple intersections of black and white loops. The normalized averages 
in (|7.3| ) are Gaussian ones obtained from the partition function (7J.) at c = 0. Thus the 



perturbative expansion of log Z can be obtained as the sum over 4-valent fat-graphs whose v 
vertices have to be connected by means of the 2 types of edges ( [7.3|) which have to alternate 
around each vertex. This gives an exact realization of the black and white graphs except that 
any number of loops in each colour is allowed. 

With these Feynman rules, a graph of genus h with v vertices and b (respectively w) black 
(white) loops receives a weight N'^~'^^c'"n''m^ . We can reduce the number of black loops 6 to 1 
by the so-called 'replica trick' which is similar to the replica symmetry of the 0{N) vector 
model which picks out the 0{N^) component corresponding to a self-avoiding random walk. 
Here we let the number n of black matrices B approach zero and retain only the contribution 
of order = 1 in n. This leads to the generating function 

Euivfi, c- N) = lim - log Z{m, n, c; iV) = ^ (7.4) 

where the sum is over all black and white connected graphs T with one B loop. The genus 
contribution to ( |7.4| ) then gives a relation to the meander numbers, 

1 oo 2p V 

Ef{m, c) ^ ^hn —E{m, c; ^) = E ^ E -^f (7-5) 

where we have used the aforementioned relation between the number of black and white 
graphs and the multi-component meander numbers. Alternatively, the generating function 
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( |7.4| ) can be obtained directly from the Hermitian matrix model ||9^, p9| 
£H{m, c; iV) = — / n dWa e""^ ^r^i 

(7.6) 

X log (/ # e-^ - <^^+^E:=i - 
where the logarithm leaves only one closed loop of the Hermitian matrix field (j). The (f)- 



integral in (|7.6|) is a version of the so-called curvature matrix models considered in |3T| which 
provide explicit examples of the polymer structures m. D > 1 string theory that we discussed 
at the end of Subsection 1.1.3. 

We can carry out the exact Gaussian integration over the matrices in ( |7.6| ) to get 
£H{ni, c-N) = -y / n ii \og{ I ® I - cY^W^ ®Wa \ e--2a 

a=l \ a=l / 

= ^ E ^ ((E tr {Wj ® WaYjj^ (7.7) 

°° rP II , X 2 



p= 



J c\ z ^ \\ y (^1 / // 

1 l<ai,...,ap<m ^ 



where we have used the Hermiticity of the W matrices, W'^ = W*, and the normalized 
average {{■))h over the W matrices in ( [7.7|) is with respect to the (free field) Gaussian W 
measure in (|7.6|). At = oo, factorization implies ((( tr HiW^aJ^))// = (( tr Ili^ai))!/, 
and reflection symmetry W —W of the Gaussian measure in ( |7.6| ) implies that the only 
nonvanishing contributions in ( [7.7| ) are for p = 2n even. Comparing this with ( |7.5| ) leads to a 
representation of the meander numbers of order n with k connected components in terms of 
Gaussian averages of the M^-fields, 

E Mi'W = E {i^^ (( tr n Wa}) ) (7.8) 

fc=l l<ai,...,a2n<m \ \\ i=l II n' 

The left-hand side of (|7.8|) is a polynomial of degree n in m with vanishing constant coefficient, 
and it is therefore completely determined by the first n values m = l,...,n. Thus the 
right-hand side of ( [7.8| ) evaluated for m = l,...,n determines completely the coefficients 
M!^n^ ■ Notice that the Gaussian moments there are given explicitly by making Wick pairing 
contractions to get 

(( tr Wa^Wa^- ■ ■Wa^^_^Wa.,^))H = ^ a^a^^ a-^a^ ' ' ' a^^.^a^^ + P[ai , Os, . . . , Csn] (7.9) 

where V contains the sum of delta-functions over all permutations of the indices Oj. Thus a 
Hermitian random matrix model can be used to generate a convenient and practical way of 
calculating meander numbers. 

The ordered but cychc-symmetric sequence of indices (ai, 02, . . . , a2n-i5 a2„) in ( [7.8|) is 
called a 'word' constructed of m letters. The average on the right-hand side of (fTSl ) is called 
the 'meaning' of the word. The meander problem is therefore equivalent to the problem of 
summing over all words with a Gaussian meaning. The principal meander numbers M-n can 
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be obtained from ( |7.8| ) using an analog of the replica trick which suppresses higher loops of 
the field W, i.e. they are determined as the linear terms of the expansion of ([7.8|) in m, 



l<ai,...,a2n<:m \ \\ i=l It J{/ 

For 171 = 1, the Gaussian moments are (see ( p..32| )) 



lim (( tr W^^} = , , = Cn (7.11) 

N^oo\ II H (ri + l)!n! ^ ' 

which is known as the Catalan number of order n. The quantity C„ is the number of paran- 
thesings of words of n + 1 letters with n opening and n closing parantheses. From (|7.^ ) it 
then follows that 

n 

EM'^ = ^« (7.12) 

fc=i 

which is just the first Di Francesco-Golinelli-Guitter meander sum rule [p9[] . 

It is also possible to define higher-genus meander numbers MS^^{}i) which correspond to 
the higher-genus fat-graphs of the matrix model. Here the indexation is now by the number of 
intersections (or bridges), i.e. A^2n'(0) = ^'^n^ ■ The generating function for these meanders 
is then given as the genus expansion 

oo oo // / P \ 

h=Ofc=l l<ai,...,ap<m W \ i=\ ' ii H 

and the sum rule ( [7.12| ) becomes 

oo oo 

E E M.f^{^)^^ = mijn + 2)(m + 4) ■ ■ ■ (m + 2p - 2) (7.14) 

h=0 k=l 

For example, a genus 1 meander is made of a collection of p loops intersecting the river only 
once (since the right-hand side of ( |7.14| ) is a polynomial of degree p with leading coefficient 

!)• 

The meander numbers can alternatively be represented as a Gaussian average over complex 
matrices The generating function is 

Sc{m,c-N) = ^ (l\og (I e-^^[^'^l)^^^ (7.15) 

where 

mw)))c = T7 / n n^TO^. miv^ Qm e-^^s. - ^^'^^^^ (7.16) 

a=l i,j 

with M a normalization constant, and the action is 

Sc[0, W] = — ti<Pl + — tT4>l- cN^ E tr <PiWl(t>^Wa (7.17) 

a=l 

Here 0i and 02 are N x N Hermitian matrices and Wa are general N x N complex- valued ma- 
trices. Notice that in the generating function ( [7.6] ) the Hermitian matrix can be represented 
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in diagonal form by absorbing the unitary matrices U of the diagonalization transformation 
into the Hermitian matrices by the adjoint action Wa —>■ WWaU of U{N) which leaves the 
integration measure over Hermitian matrices Wa invariant. The same feature is true of the 
multi-matrix integral ( [7.15[ ) - diagonalizing the Hermitian matrices (pi and 02 by unitary 
transformations generated by Ui,U2 € U{N), respectively, the unitary matrices Ui and U2 
can be absorbed by the U{N)iS)U{N) adjoint transformation Wa U^WaUi, Wl U\Wl\J2 
which leaves the integration measure in (|7.15|) unchanged because it is over general complex 
matrices Wn. 



Consider in addition the generating function 



Mc{m,c; N) = c 



O-O 



(7.18) 



c 



which is averaged in terms of a single component Wa^- Differentiating ( |7.15| ) with respect 
to c and noting that all Wa in the resulting expression are weighted the same way, we get a 
relation 

d 

c—Sc(m, c; N) = mMc(m, c; N) (7.19) 
oc 

between these 2 generating functions. 

To see how the complex matrix model ( [7.15[ ) generates meander numbers, we explicitly 
calculate the Gaussian integrals over 0i and 02 in (|7.15| ) as before using 



-T,c[<l>,W] 



(p2 e 
det-i/^ 



l {<t>2WaWl(t>2Wt,Wl) 

m 

101 -C'Y. ^aWl ® {WiWlf 



a,6=l 



(7.20) 



Using (|7. 19| ) we get 



lim Mc{m, c;N) = Y, c'" E 



N->QO 



n=l k=l 



with 



k=l 



E 

I<a2,...,a2n<m 



lim ( tr Wa,Wl ■■■Wa, ,Wl ,, 



(7.21) 



(7.22) 



The planar limit of the Gaussian average in ( |7.22| ) coincides with that of ( |7.9| ) where the 
former is obtained from Wick contractions among W and WK In particular, the analog of 
the m = 1 formula (|7.11|) for complex matrices is (see Subsection 1.2.2) 



jim (tr iW^Wr}^ = C„ 



(7.23) 



which leads again to the sum rule (|7.12|) . 



7.2 Arch Configurations and Fermionic Matrix Models 

A general meander of order n with an arbitrary number of connected components is uniquely 
specified by its upper half (above the river) and its lower half (below the river). Both halves 
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form systems of n non-intersecting arches connecting 2n bridges by pairs. Each of these 
systems are called arch configurations. Thus any meander is a superposition of 2 arch con- 
figurations. Any 2 arches are either disjoint or included, one into the other. The number 
of arch configurations of order n, linking n bridges, is the Catalan number C„. Any arch 
configuration is completed by reflecting with respect to the river. This gives a one-to-one 
correspondence between the ra-component meanders of order n and the arch configurations of 
order n, so that 

-Mi") = Cn (7.24) 

More generally, any mult i- component meander of order n is obtained by superimposing any 
2 arch configurations of order n, one above the river and one below, and connecting them 
through the 2n bridges. This fact implies immediately the sum rule ( |7.12| ), which therefore 
expresses combinatorically the total number of multi-component meanders of order n as the 
total number of pairs of (top and bottom) arch configurations of order n. 

The construction of meanders is equivalent to 2 types of moves on arch configurations 



39| . The first move, which we shall denote by an operator Xi, is to pick any exterior arch 
configuration of a meander and cut it, and then pull the 2 edges of the cut across the river 
(left part of exterior arch to the left, right part to the right). Then paste them around the 
lower 'rainbow'. This increases the rainbow configuration by 1 arch (by definition a rainbow 
configuration of order n has 1 arch of each depth between 1 and n) and the number of bridges 
by 2. This yields a meander of order n + 1 with the same number k of connected components, 
and so from each meander M of order n with k components we can construct E(M.) distinct 
meanders of order n + 1 with k components, where £^(M) is the number of exterior arches of 
M. The second move I2 is to take a meander of order n with k — 1 connected components, 
add an extra circular loop around it (which increases the lower rainbow configuration of order 
n by 1 arch) and then add 2 bridges. This yields an order n + 1 meander with k connected 
components which cannot be obtained by the move Ti above (since it has only 1 exterior 
arch, whereas Xi yields at least 2 exterior arches). Conversely, it is possible to show that any 



meander of order n with k connected components can be obtained in this way 



An important idea for the combinatorics of the meander problem is the notion of the 



signature of arch configurations ||39|. This is defined recursively for an arch configuration A 



with respect to the moves Xi and X2 above, starting from the empty arch, 

sig(0) = l ; sig(XiA) = (-1)1^1 sig(A) , sig(X2A) = (-l)l^l+Sig(A) (7.25) 

where |A| is the number of arches in A. The relevant combinatorial quantity for the meander 
problem is the number 

s(n) = ^sig(A„) (7.26) 

where the sum is over all arch configurations A„ of order n. Given a meander M with upper 
and lower arch configurations A*^") and A^'^\ respectively, we define its signature as 

sig(M) = sig(A(")) ■ sig(A('^)) (7.27) 

For a meander M^^^^ of order n with k connected components, it follows from this definition 
that m 

sig(MW) = (-1)^^+" (7.28) 
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We now turn to a matrix model representation of these notions. We can modify the 
complex matrix model ( [7.15| ) by considering Grassmann- valued matrices instead of complex- 
valued ones. The generating function is 

SF{m, c:N) = ^^ ll^\og (I #1 #2 e-^-l*-'^''^]) (7.29) 
with fermionic Gaussian average 

Q[^, V']))^ = AT y n d^Pa Q[^, ^] e^' ^-^'^ (7.30) 
and action 

S^[0, ^] = _ tr 02 + tr - cN^ ^ tr 0i^a02^a (7.31) 

a=l 

where 0i and 02 are as before N x N Hermitian matrices, and ipa and ipa are independent 
N X N fermionic Grassmann-valued matrices. Most of the formalism which identifies the 
complex matrix model representation of meanders that we discussed in Subsection 7.1 above 
now carries through in exactly the same way for the generating function ( |7.29| ) with the 
replacements — > ipa, Wa — >■ ipa there. There are, however, 2 important differences in the 
fermionic case. First of all, we recall that the Feynman rules associate a factor of —1 to each 
loop of the fermion fields. This modifies the meander generating function (|7.21|) to 



... AT\ - V ///^0i^02 e-^H<^''/'''^]tr0i^,„02V^o 
lim Jv[p[m,c; IS ) = lim c 



(7.32) 



n=l k=l 

with 

n 
k=l 



(7.33) 



I<a2,...,a2n<rn. 



where we have kept track of the order of the matrices as they appear from the generating 
function ( |7.32D because the signs are essential for Grassmann-valued matrices. As we shall 
see below, the factors of (— l)'^"^ are associated with the signatures of the arch configurations. 

The second distinguishing difference from the bosonic case is the m = 1, = oo Gaussian 
average, which from the generating function (|3.36| ) is easily found to be 

, for n = 2]? even 
jhn^(tr(^^)"))^=^ (7.34) 

Cp , for = 2p + 1 odd 
Using ( |7.33| ) this implies that the m = 1 sum rule ( |7.12|) is now modified to 

, for n = 2p even 
= I (7.35) 
^==1 I C| , for n = 2p+l odd 
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which is just the second Di Francesco-Gohnelh-Guitter meander sum rule |]39|. Notice, in 
particular, that the left-hand side of ( [7.35[ ) is given by the combinatorical quantity 



= ^ y: sig(A(")) sig(Af ) = i-ir-\sinr (7.36) 

k=l a(") aW 

which combined with ( [7.35|) yields s{2p) = 0, s{2p + 1) = (— l)^+^Cp for p = 1,2, . . . (with the 
initial values s(0) = 1, s(l) = —1). Thus the adjoint fermion matrix models provide a natural 
representation of the notion of the signature of arch configurations that we discussed above. 



7.3 Principal Meander Numbers and Supersymmetric Matrix Mod- 
els 

As a final example of a matrix model representation of the meander problem, we shall now 
combine the models discussed in the previous 2 Subsections and consider a general complex 
matrix model with both bosonic and fermionic matrices, i.e. we combine the bosonic represen- 
tation ( |7.21| ),( rr^ ) of meanders with the fermionic one ( |7.32| ),( |7^ ). To this end, we consider 



a general m = nib + ^/ component matrix field Wa with mi, bosonic (complex) components 
(pa and TTif fermionic (Grassmann) components tpa, 

Wa = {(j)l,...,(j)m,,'ipl,---,'ipmf) , W^a = (01 , • • • , ) ^1 ) • • • ) ) (7-37) 

The generating function is defined by 

4---^)(c,iV) = ± ((log (/ #1 e-4"^""''[^'^'^])))^ (7.38) 
with Gaussian average 

{Q[W,W]}^ = jjj WdWa dWa Q[W^,iy]e-^'S™ 1 "^^"^^ (7.39) 

and action 

Ar2 Ar2 m 

j.ip,m,) ^^^^^ ^^^2^ ^2 _ ^^2 J2 tr <j),Wa<l>2Wa (7.40) 

^ ^ a=l 

where the integration measure is 

dWa dWa = d^a d^a I] d[^% (7-41) 

Since fermion loops are always accompanied by a minus sign, it follows that the generating 
function ( |7.38| ) is related to the meander numbers by 



oo „2n n 

jhn^4'"^-^)(c, N) = Y. — T. Ml'\m, - rUff (7.42) 

n=l fc=l 
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To generalize the relations of the previous Subsections between the meander problem and 
the problem of summing over all words with Gaussian meaning, we again introduce another 
generating function 



Ms{mb,'mf,c; N) = 
which satisfies 

d 



c-£l^'"'^'\c,N) = im,-mf)Ms{m,,mf,c;N) 



From (|7.42|) and ( [7.44|) it follows that (|7.43|) is related to the meander numbers by 

\fc-i 



oo n 

\im^Ms{mi„mf,c; N) = J2 c^"" J2 ^n\rnb - m jY 

n=l k=l 

The Gaussian integrations above can be computed as before to get 



(7.43) 



(7.44) 



(7.45) 



>i d(p2 e 



[(ly,W,W] 



?2 e 



tr 



(7.46) 



det 



-1/2 



a,6=l 



where cTq is the signature factor (or Klein number) of the component Wa, defined as +1 for 
the bosonic components and —1 for the fermionic ones. 

Expanding the determinant in ( [7. 46] ) as before on the right-hand side of ( [7.38| ) in powers 
of c^, we arrive at the representation 



lim S 



{■mi,,mf) 
S ' 



c,N) 



oo 2n m 

^ In ^ 

n=l ai,...,a2n-l,a2n=l 

X Jhn ( tr Wa^Wa, ■ ■ ■ Wa,„_,Wa,„}^ { tr Wa,^Wa,„_, ■ ■ ■ Wa.Wa, 
oo 2n m 

y— y 

n=l ai,...,a2„-i,a2n=l 



(7.47) 



lim (( tTWa,Wa,---Wa,„_,W,,^^^^ 



where the signs of the fermionic components in the first equality in ( |7.47] ) have been absorbed 
by reordering the components in the second Gaussian correlator there. Comparing this result 
with the above expressions for the meander generating functions we find 



\k-l 



k=l 



Y: lim (( tr Wa,Wa, ■ ■ ■ W,,^_,W,, 



a2,.--,a2n=l 



(7.48) 



xiilWa2^Wa2^,,---Wa2Wa 
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Notice that the order of the matrices in ( [7.48| ) is chosen to absorb the signature factors for 
the fermionic components. 

We are especially interested in the situation above where the number of bosonic and 
fermionic matrix fields coincide, rrib = mj. In that case, in addition to the usual gauge and 
charge-conjugation invariances of the complex and fermionic matrix models, the model (|7.38|) 



is invariant under the supersymmetry (boson-fermion) transformation (pa ^ 'ipa, 4'a ^ '4'a- We 
can use this supersymmetry to kill the loops of the IV-fields which represents an alternative 
to the replica trick For brevity of notation, we restrict our attention to the case 

m = 2 {rrib = m/ = 1), i.e. we consider a 2-component field Wa whose first component is a 
bosonic, complex-valued matrix and whose second component is a fermionic matrix, 

Wa = i^,i^) , Wa = {^\^) (7.49) 



Since the propagators for the bosonic and fermionic matrices in ( [7.491 ) coincide (see Section 
1), the simple D = supersymmetry here reduces to just rotations between the bosonic and 
fermionic components. The proper infinitesimal supersymmetry transformation is 

5e(t> = eip , Seljj = —60 ; (5e0+ = ^pe , Selp = —0+6 (7.50) 

where e and e are infinitesimal anticommuting parameters. We shall briefly discuss more 
general supersymmetry transformations at the end of this Section. 

The key property of the supersymmetry is that the contributions from the bosonic and 
fermionic loops are mutually cancelled for any potential which is constructed symmetrically 
from the superfields (|7.49| ), and which is therefore supersymmetric. In the generating function 
Sg^'^\c, N) defined as the supersymmetric one-matrix integral in ( 7.38| ), the potential there 
is the simplest Gaussian superpotential 

WGau..[0,^,^] =WW= J2 ^aWa = 4>^ 4> + (7-51) 

a=l,2 

which reproduces the propagators given in Section 1. Notice that it is even invariant under 
the rotation ( [7.50| ) when the parameters e and e are fermionic N x N matrices. This large 
degree of (super) symmetry means that the supersymmetric generating function Sg''^\c,N) 
is identically zero, due to the mutual cancellation between the loops of the bosonic and 
fermionic matrix fields. Instead, one should use the generating function ( |7.43| ) which for the 
supersymmetric matrix model above can be represented as 

Ms{c;N) = Ms{hhc;N) = tr 0+0 i^gl^J d0i #2 e-4''''[</'.i^-^]^ (7.52) 
where the action is explicitly given by 

Sj'^^[0, W,W] = — ti <f)l + — tr 02 - cN^ tr 010+020 - cN^ tr 01^02^' (7.53) 

That ( [7.52| ) is equivalent to ( [7.43| ) (with oq = 1) in this supersymmetric case follows from an 
integration by parts in the identity 

,d<P2e-^r'i'P^^^m)\\ , (7.54) 




116 



summing over all i = k, j = £, and using the fact that Sg''^\c, N) = 0. 

Because the bosonic and fermionic generating functions ( [7 .2 10 ,( 17^ ) and ( [7.32| ),( rrHBD 
alternate in sign relative to one another, only the k = 1 terms there survive for the super- 
symmetric model. Thus the multi-component meanders vanish and from (|7.45| ),( [7.48D we get 
the representation 

Mn 

(7.55) 

Y: lim (( tr ^Wa, ■ ■ ■ Wa,^_,Wa,^)^ { tr Wa,„Wa,^_, ■ ■ ■ Wa,c '' 



for the principal meander numbers. Again we keep care here of the order of matrices as the 
signs are crucial for the fermionic components of the VT-field. Alternatively, replacing by ^ 
and 0t by 4, in (|732|) , ([73^) (ao = 2 in ([TiHD), we also have 



=1,2^- 



(7.56) 



Thus the supersymmetric matrix model provides a representation of the principal meander 
numbers which looks much more natural than the one before based on the replica trick. 
It is hoped that the large supersymmetry of the problem will make it simpler to solve the 
m = 2 supersymmetric matrix model than a pure bosonic or fermionic one at arbitrary m, 
for example by solving it using Ward identities associated with the supersymmetry (i.e. loop 
equations associated with the transformations (|7.50| )). For explicit results of the calculations 



of the principal meander numbers up to n = 4 based on the supersymmetric matrix model 
equations (|7.55|) and (|7.56|) , as well as a comparison with those based on the purely bosonic 
matrix model equations ( [r.22| ), see |99[ . 



In P7| , PU[ it is also shown how to represent the meander problem in terms of unitary matrix 
models, and ultimately its connection with the Kazakov-Migdal model on a D-dimensional 
lattice. The words are the same for both the meander problem and the Kazakov-Migdal 
model, the only difference residing in the meaning of non-vanishing words which is unity in 
the case of averages over unitary matrices in Haar measure. This relation could give a hint on 
how to solve the meander problem. Its connection with higher- dimensional matrix models, 
and in particular the combinatorial problem of summing over all closed loops of a given length 
in a D- dimensional embedding space with all possible backtrackings (or foldings) included of 
which we found the Gaussian fermionic representation in Section 6 above, is an interesting 
representation of the polymer phase of higher- dimensional string theories. 



7.4 Loop Equations 

We shall now proceed to discuss the evaluation of observables in supersymmetric matrix 
models. Again, we shall be primarily interested with the novel model of the last Subsection 
describing the meander problem, and we shall start first from the generic complex matrix 
model ( |7.38| ) and then later on impose the restricition to supersymmetry. However, the 
method for solving the corresponding loop equations in these cases, developed recently in 
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| 99| , is an elaborate technique for dealing with general super symmetric matrix models, not 



just the one that we are dealing with thus far. The observables in the cases at hand are 
words. To deal with these appropriately, we must modify somewhat extensively the generating 
functions considered in our earlier matrix theories. The observables of the matrix model 
are now generated by introducing non-commutative sources which reduce the calculation to 
computing averages in a Boltzmannian Fock space. This method has been applied recently 
to the loop equations of bosonic matrix models in |^, ^ . To this end, we introduce 



a set of non-commuting variables Ua, u\i a = 1, . . . , m, which generate the Cuntz algebra 

Uaul = Sab (7.57) 

and regard them as creation and annihilation operators on some representation Hilbert space. 
The normalized vacuum state = 1, satisfies 

Ual^l) = {n\ui = (7.58) 

and the completeness relation is 

m 

J2ulua = l-\n){n\ (7.59) 

a=l 

where 1 is the identity operator on the given Hilbert space. 

The non-commutative variables are introduced above to define the generating functions 
for words, 



Z-EaM=l<^bWaWj), (7-60) 




oo 1 m 



1 



n=l ai,...,a2„=l 




(7.61) 



^ n=l ^ ai 



where the general complex matrices Wa, Wa are defined in ( [7.37| ). These 2 generating functions 



are not independent because of the cyclic symmetry of the traces. Rearranging the components 
appropriately, we have 

Q{Z\ Ua) = G{Z] y/o~aUa) (7.62) 

SO that the components of Ua associated with bosonic components are unchanged while those 
associated with fermionic components are multiplied by a factor of i. 

The Schwinger-Dyson equations for these generating functions follow in the usual way by 
shifting the matrix integration variables 

W2n^W2n + eW^^ , Wi ^ Wi + eW^ (7.63) 
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in ( [7.39| ). The shifts ( [7.63| ) lead, respectively, to the standard set of recurrence relations at 



n-1 
k=0 



tr Wa.Wa, ■ ■ ■ Wa,,)^ { tr W,,,^^ ■ ■ ■ W,,^_, 



(7.64) 



k=l 



(7.65) 



for the words with Gaussian meaning. Multiplying these equations by and summing 

over all n G using ( |7.6(J| ),( frBTD and the cyclic symmetry of the trace results in the loop 
equations 

m m 

1 - zQ{z] u) = UaQ{z; u)uaG{z; u) = zY^ g{z; u)uaQ{z; U)Ua (7.66) 



a=l 



a=l 



1 - Zg{z] u) = (TaG{z; u)UaQ{z] u)Ua = Z^ (^aUaQ{z] u)UaQ{z] u) 



(7.67) 



a=l 



a=l 



Notice that, because of the relation ( |7.62|) , these 2 loop equations are not independent and 
can be obtained from one another by the substitution Ua — > ^/o\iUa- For a combinatorial 
interpretation of these loop equations which ties in directly with the ideas of the meander 
problem see p9 |. 

The loop equations ( |7.66| ) and ( [7. 671 ) generahze those of the Gaussian adjoint fermion 
one-matrix model. They are easily solved for the pure fermionic case (m^ = 0,mj = m) 
when the variables Ua above are commutative sources (i.e. ordinary Euclidean vectors u = 
(mi, . . . ,Um) € IR*"). In that case, we can add ( |7.66D and ( [7. 67] ) together to get the pair of 
simple equations 

Q{z;u) = 2/ z — Q(z;u) , 1 — zQ{z;u) = u^zQ{z;uY — 2-ifQ{z;u) (7.68) 
which have solutions 



1 



1 



1 



z Iw^ Zu^z 



1 



1 



1 



- + — J - — 

z Iw^ lu^z 



(7.69) 



The solution for Q coincides with the one-loop correlator ( p. 361) of the Gaussian fermionic one- 
matrix model with t = I/m^, while the large-2; expansion of Q in ( [7.69]) yields the moments 
( 7.34| ). Similarly, for a purely bosonic model (m^ = m,mf = 0) it is possible to show that 
the above results reproduce the Wigner semi-circle distribution for the Gaussian Hermitian 
(or complex) one-matrix model . 

The formal solution to the loop equations in the general case can be found by rewriting 
([7:661 ) and as 



Q{z;u) 



Z + Zj2a UaG{z;u)Ua 



Q{z;u) 



1 



Z + Zj2a y/^UaG{z; u)^Jo^Ua 



(7.70) 



As shown in |^9[, iterations of these equations lead to a formal solution for the generating 
functions of words as continued fractions which represents another form of the solutions for 
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Gaussian matrix models. Alternatively, using the Cuntz algebra ( [7. 571 ) we can write the loop 
equations ( [7.66| ) and ( |7.67| ) as 

{1 - zQ{z;u))ul = zQ{z]u)uaQ{z;u) , Ua{l - zQ{z;u^)) = zQ{z]u^)ulQ{z;u^) (7.71) 

{I- zQ{z]u))u\ = zoaQ{z]u)uaQ{z]u) , Ua{l - zQ [z] u^)) = zaaQ [z] u^)ix\Q [z] v)) (7.72) 
where the left-hand sides of ( [7.71| ) and (|7.72|) are explicitly 



Ua{zg{z]v)) - 1) 
oo m 

n=l a2,...,a2n=l 

{zQ{z- u) - l)u\ 

oo m 
n=l ai,a2,...,a2n-i=l 



<J2 a,2n-l a2n 



tTWaWa2---Wa2„_,Wa2^ 



(7.73) 



tTWa,W.2---Wa2„.,W. 



(7.74) 



The generating function ( [7.43| ) is determined as 

{n\g{a; u)giz; u^)\n) = {n\g{z; u)g{z- u^)\n) 

= + {rri}, — m f) hm Aisi'mb^nT'f, c; N) 



(7.75) 



with z = 1/c. The equation (|7.75|) follows from (|7.57|) and ( [7.58|) which imply that the 
left-hand side of it correctly reproduces the contraction of indices in (|7.48|) . 

We now specialize to the supersymmetric case rrib = rrif = 1. Then ( [7.75| ) does not 
determine the meander numbers and one should instead use ( 7.55|) or (|7.56|) , where there is 
no summation over one of the indices ai, to get the principal meander numbers. In this case 
we denote the components of as Ua = {u,v). Using the completeness relation (|7.59| ) we 
have 

z^g{z; u)u^ug{z; u^) = -z^g{z; u)v^vg{z; u^) + z^g{z; u)g{z; u^) - (7.76) 
and because of the supersymmetry we further have from ( [7.75| ) 

z^n\g{z;u)g{z;u^)\n) = 1 (7.77) 

Thus, taking the vacuum expectation value of the expression ( [7. 761 ), the supersymmetry of 
the matrix model implies that ( |7.73| ) and ( 17.74] ) yield 

lim Ms{l/z; N) = z\n\g{z; u)u^ug{z; u^)\n) = -z'^{n\g{z; u)v^vg{z; u^)\n) (7.78) 
or alternatively 

lim Ms{l/z; N) = z^{n\g{z; u)u^ug{z; u^)\n) = -z^n\g{z; u)v^vg{z; u^)\n) (7.79) 
Using (|7.71| ) and ( [7.72|) these equations can then be written, respectively, as 



lim Ms{l/z; N) = {n\g{z; u)ug{z; u)g{z; u^)u^g{z; u^)\n) 

= {n\g{z] u)vg{z] u)g{z- u^)v^g{z; u^)\q) 



(7.80) 
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lim Ms{l/z- N) = {n\g{z; u)uG{z- u)G{z- u^)v)G{z- u^)\n) 

Af— >oo 

= (p.\Q{z- u)vg{z; u)g{z; u^)v^g{z; u^)\Q) 



(7.81) 



These latter 2 representations of the generating function for the principal meander numbers 
are convenient for an iterative evaluation. The standard trick [27, |5^ for deahng with 2 non- 
commutative variables is to expand the quantities in v. This will lead to the calculation of the 
prinicipal meander numbers order by order in c = 1/z. We therefore introduce the expansions 



g{z;u) = Qn( 



z\u] 



g{z-u) = Y.{-^rQn 



(7.82) 



n=0 



n=0 



where the u-expansion of Q is an alternating series because of the relation ( |7.62| ). The coeffi- 
cients Gniz] u) in ( |7.82| ) are those terms in ( |7.60D that involve exactly 2n factors of v. From 
the definition ([7.41^) and (|7.23|) it follows that 



1 - - Au^/z 



2^2 



(7.83) 



which we note is just the Wigner semi-circle law for the distribution of the complex Gaussian 
moments (( tr (0V)"))c = Cn- The functions Qn{z', u) for n > 1 can be found recursively from 
( |7.7(J| ) which now takes the form 



J2 Sniz;u) 



n=0 



Goiz;u) 



(7.84) 



Z 1 + E:Lo(-l)"«^^n(^; u)ugo{z; U) + En=oi-'^)''^On{z; u)vgo{z; u) 



At each order of the f-expansion in ( |7.84| ) we have to solve the equation 

1 



Gniz;u) 



((-l)"^o(^; u)ugn{z; u)uQo{z; u) + An{z; u)) 



(7.85) 



for some functions An{z; u) which will be determined recursively below. The solution of ( |7.85| ) 
is found by iterating it to get 



g2p-i{z;u) 



Z\U]U] 



A2p-i{z;u) 

[gQ[z;u)u) 



£=0 



G,p{z- u) = -- £(-1)^ {G,{z- u)uY ^^^4^ {Go{z- u)u) 



(7.86) 



£=0 



where p>l. The 2 solutions in ( [7.86 ) can be written nicely as the contour integral 

1 . , 1 



QJz] u) = (f 



z Jc 2m X - (-l)"+i^o(-2; u)u 



An{z;u) 



1 — XQo{z; u)u/z 



{An} (7.87) 



where the contour C encircles the origin of the complex A-plane, and we have introduced a 
short-hand bracket notation for the quantities on the right-hand sides of ( |7.86| ) or ( |7.87| ) to 
simplify some of the cumbersome formulas which follow. 
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The functions An{z;u) above are now computed recursively using ( |7.84| ) and ( |7.85| ). The 
first few lower order ones are explicitly 



Go 

A^ = G0VG2VG0 + z^G2-prGi + z^Gi-^G2 + ^^^17^- ^17^-^1 

yo yQ yo yo 



(7.88) 



Generally, substituting the expansion ( [7.82|) into (|7.71|) (or (|7.72|) ), equating the orders of the 
v-expansions and using the fact that 



Gn{z;u)v^ = -An{z;u)vy Z 

which follows from ( [7.86|) and ( [7.57] ), we see that the An satisfy the identities 



(7.89) 



n-1 



An{z; u)v^ = {-l)''Gn~i~k{z; u)vGk{z; u) 



k=0 

n-1 



(7.90) 



vA^iz; nt) = zJ2{-l)'Gk{z; u^^Gn 



-i-feU;M' 



k=0 



Then, using ( 7.88|) and the fact that Go commutes with the brackets defined by ( 7.87 ), the 
first few GnS are given by 

Gi = Go{vGov}Go , G2 = -Go{vGo{vGov}Gov}Go + z^Go{{vGov}Go{vGov}}Go 
Gs = -Go{vGo{vGo{vGov}Gov}Gov}Go + z^Go{vGo{vGov}Go{vGov}Gov}Go 

- z^Go{{vGqv}Go{vGo{vGov}Gov}}Go - z^Go{{vGo{vGov}Gov}Go{vGov}}Go 
+ z^Go{{vGov}Go{vGqv}Go{vGov}}Gq + z'^Go{{{vGov}Go{vGov}}Go{vGo}}Go 
+ z^{{vGov}Go{{vGov}Go{vGov}}}Go 

(7.91) 

The brackets in (|7.91|) must in general always pair equal numbers of open and closed paran- 
theses, and an inner pair of brackets must always be embedded in an overall pair of outer 
brackets. For general n, Gn{z',u) contains C„ terms of the types in (|7.91|) with alternating 
signs up to order z^" . Some rules for representing a general term can be formulated which 



resemble the Wick pairing of bilinear combinations of the f 's p9 



Most of the relations above are similar to those that one would obtain for 2 bosonic matrix 
fields {rrib = m = 2,mj = 0), except that there are no alternating signs in the pure bosonic 
case. The occurence of these minus signs at appropriate places makes the supersymmetric 
matrix model somewhat simpler in structure than the pure bosonic m = 2 case. For instance, 
the leading order terms could be cancelled for A2 in ( [7.88|) and for G2 in ( |7.91|) , which 
follows from the general property ( 7.34| ) of fermionic Gaussian averages. For this same reason 
the asymptotic behaviours of the functions Gn{z;u) are 



lim Gn{z;u) 



-|^^^2n+4 £qj, n>2 even 



(7.92) 
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Some further relations are imposed by the supersymmetry of the model. The simplest one 
follows from substituting the expansion ( |7.82| ) into ( [7.77| ) which leads to 



Y^{-iY{Q.\g^{z-u)gn{z-v))\n) = 1 



(7.93) 



n=0 



where only diagonal terms contribute in ( |7.93|) because of the definitions ( [r.57| ) and (|7.58| ). 

Finally, we evaluate the prinicipal meander numbers M.n using the above relations. Notice 
that ( [7.92| ) implies that a contribution to M.n in ( |7.79| ) (the coefficient of 1/ z^"') can come at 
most from Qn with n odd and from Qn-i with n even. Substituting the expansion ( |7.82| ) into 
(17751 ) we find 



lim Ms{l/z-N) 



f2{-ir-\Q\gr,{z;u)v^vgn{z;u^)\n) 



n=l 



n=l 



\n-l 



{n\An{z; u)v^vAn{z;u^)\n) 



(7.94) 



where in the second equality in ( [r.94| ) we have used ( [7.89|) . From this expression, we can 
immediately calculate the first and second principal meander numbers A4i and A^2- From 
(17:911 ) and we have 

gi{z]u)v^ = -go{z; u)vgo{z] u)/z^ 

so that (|737|) , ([738|) and [ fW^ give 



vgi{z- u^) = -go{z- u^)v^go{z; u^)/z^ (7.95) 



lim Ms{l/z;N) = - 



oo ^2 \ 2 



E 



k 
^2k 



+ z" Y.^-\Y~\Q\gr.{z- u)v^vgn{z; nt)|fi) (7.96) 

n=2 



The first term on the right-hand side of (|7.96|) (the n = 1 term in (|7.94| )) yields the anticipated 
values Ml = Cq = 1, M2 = 2ClCl = 2 |3i, |9|. The contributions of the next orders are 
controlled by the asymptotic behaviours (|7.92|) above. 

For the terms in ( |7.94] ) up to n = 3, at most the expansion coefficients ^3 are essential, 
and (|7.91|) along with ( [7.83|) give 



(7.97) 



g2{z]u)v^ = {vuv\-uv\v)/z^ + 0{l/z^°) 
vg^iz; u^) = {-v^u^iv^Yu^ + u\v^)\^v^)/z'' + 0{l/z^^) 
g^{z;u)v^ =vyz^ + 0{l/z^°) , vg{z;u^) = {v^)yz^ + 0{l/z^^) 
Substituting ( [7.97| ) into (|7.96| ) yields the expected third principal meander number Ai^ = 8 
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In general, however, the iterative procedure described above becomes rather cumber- 
some when trying to evaluate the vacuum expectation values in (|7.96| ) which involve terms 
for each n > 1. While each individual term is in principle calculable, it is not as such clear if 
this iterative procedure could lead to recurrence relations for the meander numbers. The main 
difference between the non-commutative loop equations for the supersymmetric model above 
and those for the two-matrix model with polynomial potential |^2|] is that the f-expansion in 
the supersymmetric case does not lead to an algebraic equation determining the coefficients 



123 



Gn- Thus, just as in the pure fermionic cases, the supersymmetric models aren't as amenable 
to explicit solution as the pure bosonic cases because of the complexity of the loop equations 
involving fermionic degrees of freedom. As always, this complexity can lead to novel critical 
phenomena so that the existence of fermionic inducing fields leads to exotic types of random 
surface models. 



7.5 D = Supersymmetric Matrix Models and Branched Polymers 

In this Subsection we shall elaborate on the uses of D = supersymmetric matrix models to 
represent the branched polymer phase of string theory, following the approach of Ambj0rn, 
Makeenko and Zarembo [|1^. We consider a more general interaction potential defined by 

W{WW) = J2 ^{WWf (7.98) 
k>i ^ 

The invariance of ( |7.98| ) under the matrix supersymmetry transformations ( |7.5CI| ) follows from 

5,{WW) = 6,(4)^ + ipip) = ipe4) - V^e0 = (7.99) 

and similarly for the action of 6^- The supersymmetry transformations can be generated using 
the matrix supercharges 

N / f\ Pt \ ^ f Pi P) \ 

Q.. = A^EhA..^-^4- ' O.,=Ar5:U^^,,-0,,-— (7.100) 
fe=i V o(t)jk oVki ) V<90fci o^jk) 

whose action on matrix fields of the model give the infinitesimal supersymmetry variations, 

b,^ = [ tr Qe, ^] , (5,^ = [ tr eQ, ^] (7.101) 
The anti-commutation relations between these supercharges are 

{Q^J, Qmn} = {Qij, Qmn} = (7.102) 



^ ^ k=i\ d4>jk dcf>l^ 7 k=i\ 



d d - \ 

'ik^l TT^^fcn Smj (7.103) 



We now set (71 = —1 in ( |7.98| ) and consider the supersymmetric matrix model with parti- 
tion function 

Zs[g] = JdWdW e^' ^(^^^ (7.104) 

We shall be interested in the generating function for the correlators of the complex, bosonic 
matrices, 

/ 1 \ 1 °° 1 

E(z) = ( tr ) = T + E (7.105) 



where the bosonic moments are 

= ( tr (0t0)n\ (7.106) 
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The Schwinger-Dyson equation for this generating function follows from the identity 

^ J2 [dWdW J^le''' ^^^] = (7.107) 



ATS 



which can be expanded out into averages to give 



2\ 



tr W{WW) "^Z ~ ) = z(l ti L^l ) (7.108) 



In contrast to the loop equations derived previously, the equation ( [r.l08| ) can actually be 
expressed in a closed form by exploiting the invariance of the action and integration measure 
in ( |7.104| ) under the supersymmetry transformations ( [7.50| ). This leads to the Ward identity 



{6, ii) \— L^^M ) = (7.109) 

which, after the proper contraction of matrix indices, can be expanded to give 



{ tr -J— ^ 1 + tr — ) = ( tr I - tr I - 7.110 

As mentioned before, the supersymmetry leads to a cancellation of bosonic and fermionic 
loops, so that the partition function is unity and all supersymmetric correlators vanish. This 
can be formally proved by taking the limit 2; — oo in ( [7.110D and comparing the 0{l/z) 
coefficients on both sides to give 



tr(iyiy)") = (7.111) 

for all n > 1. Since ( tr (WW)"') = -^-^Zs[g], the partition function is independent of the 
potential W and is formally equal to 1. However, non-trivial physical characteristics of the 
model reside in non-supersymmetric correlators, such as those of the bosonic matrices ( [7.106 ). 



In the large- limit, when factorization holds, the equations of motion ( 7.108|) and (|7.110 ) 



of the supersymmetric matrix model can be written succinctly as the respective integral 
equations 

= zE{zf (7.112) 



c 2Txi Jc 2Txi z — \ 
dfi fxQifi, z) (_^^ r d\_ AH(A) \ ^ f /iQ(w,/i) r d\_ AS(A) ^^^^ 



Jc 2T\i w — fi \ Jc 2ni z — X J Jc 2T\i z — fi Jc 2Tii z — \ 
where we have introduced the additional generating function 



and the closed contour C above encircles all singularities of Q and S, but not the points z, w 
or 00, with counterclockwise orientation. Using the usual asymptotic behaviours 

Q{w,z) = l/wz + 0{l/z'^) = 'E{z)/w + 0{l/w'^) , '^{z) = l/z + 0{l/z^) (7.115) 
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the contour integrations in ( [7.113| ) can be evaluated by computing the residues at z, w and 
oo to yield, after some algebra, an equation determining the generating function Q in terms 
of S, 



We now substitute (|7.116|) into the other integral equation ( [7.112| ) to generate an equation 



for the generating function H. The contour integrals over yU and A can be carried out by first 



computing the residues of the poles of A) in (|7.116|) as a function of /x, and then computing 
the residues at A = 2; and A = 00. After some algebra, we arrive finally at 

{zZ{z) - l)W{z - l/^{z)) = zE{zf (7.117) 



Using the asymptotic expansion ( [7.105| ) , the expression ( |7.117| ) can be equated order by order 



on both sides in 1/z, leading to various mixed equations for the bosonic correlators ( [7.106|) 



In particular, equating the leading-order 1/z coefficients of (|7.117|) leads to the expression 

ei>V'(ei) = 1 (7.118) 

for the correlator ^1 = ( tr We immediately identify (|7.118|) with the saddle-point equa- 

tion ( |2.109|) (see also ( |2.45|) ) describing the continuum limit of a branched polymer model, 
that we derived from the vector model representation. The fact that we arrive at a closed 
equation for the bosonic propagator ^1 is a consequence of the cancellations between the 
bosonic and fermionic loops. The Feynman graphs which survive the supersymmetric cancel- 
lation in the diagrammatic expansion of the propagator are the so-called "cactus diagrams" 



T3| which consist of a closed loop of links with one marked vertex. These Feynman diagrams 
have an orientation, since the cactus loops can only be attached to the exterior of already 
existing loops, and thus the bosonic correlators of the supersymmetric matrix model here 
describe "chiral" branched polymers, which branch out only at one side of an open line. This 
is one of the fundamental differences between the supersymmetric matrix models and the 
representation of branched polymers via cactus graphs of the vector models that were studied 
in Section 2. 

Thus in this way, the bosonic propagator generates the random polymer model 

^i=T.^{V)e'^^(^^ (7.119) 

V 

where the sum is over all chiral branched polymers V and 

wiV) = Y[ giv) = lli-g,) (7.120) 

are the branching weights, with the local weight factors g{v) = —gk depending only on the 
order k (number of nearest neighbours) of the vertex v. The supersymmetric matrix model 
representation of the branched polymer theory allows a detailed study of its spectral properties 



T3| , specifically the determination of the universality classes of pure branched polymers as 
a function of the weight attributed to the branching at the individual nodes. For instance, 
the discontinuity of the generating function S(^) above determines the eigenvalue distribution 
of the Hermitian matrix <p^(f), and therefore the spectrum of the proper statistical model. It 
is also possible to study multi-matrix versions of the above supersymmetric model involving 
more than one matrix superfield W . For example, a 2-matrix version of the above model 
was solved in |T3| and shown to reproduce the well-known features of the Ising model on a 



branched polymer 
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7.6 D = 



—2 Supersymmetric Matrix Models and Superstrings 



We have considered thus far in this Section relatively simple supersymmetric matrix mod- 
els. Nonetheless, these models result in more complicated structures than the general D- 
dimensional pure fermionic or pure bosonic matrix models. The combinatorical problem of 
enumerating meander numbers that they describe belongs to the same generic class of prob- 
lems of words as large- iV multi-colour QCD but is presumably simpler. It would be interesting 
to study these novel supersymmetric matrix models in connection with other physical appli- 
cations to quantum gravity, other than those represented by a random polymer phase. For 
instance, the connection between supersymmetric matrix models and the meander problem 
could be useful for analysing statistical theories of discretized super-Riemann surfaces and 
superstrings. We conclude this Section with a brief discussion about the possibility of such 
applications. 

In the above models we considered supersymmetric matrix fields on a D = dimensional 
embedding space, whereby the bosonic and fermionic matrix propagators coincide. This 
means essentially that we don't need introduce the usual (dimensionless) superspace coordi- 
nates 6 which are canonically associated with the superspace formulation of supersymmetric 
field theories. As we have mentioned before, the first attempt at incorporating fermionic 
degrees of freedom into bosonic matrix theories was the Gilbert-Perry Hermitian supermatrix 



model [0, |60|, |136|| . However, the (Hermitian) fermion matrix fields can be integrated out and 
the model in this case reduces to an ordinary bosonic Hermitian one-matrix model (which is 
trivial when the number of bosonic and fermionic degrees of freedom are the same). Here we 
shall discuss a slight modification of the above supersymmetric matrix models. We assume 
that our matrices are superfields defined on a supersurface associated with an iV = 1 su- 
persymmetry (the generalization to higher-component supersymmetries is immediate). This 
means that we augment the zero- dimensional space of the matrix model by 2 anticommuting 
superspace coordinates. Using the usual interpretation of Grassmann coordinates as negative 
dimensions, we can think of such a model as a. D = —2 dimensional matrix model. The planar 
triangulations of closed surfaces in D = —2 dimensions was studied by Kazakov, Kostov and 



Migdal in |]T6[, and the matrix model approach was developed in p4| , plj p9| . 

The supersymmetric matrix model we consider here is thus defined by the partition func- 
tion 

Zmp = I Q-N^^wzm (7.121) 



where the "action" in ( [7.121| ) is that of the standard Wess-Zumino model ||132|| in the super- 
space formulation 

Ev^^[$] = j de S tr (p^V^ + W{^)) (7.122) 

with >V($) some superpotential. Here 

^{9,9) = (!) + 11)9 + ^1)9 + Fee (7.123) 

are the usual supermatrix fields defined on a purely Grassmannian supersurface, with (p a 
bosonic N x N Hermitian matrix, and ip and ip independent fermionic N x N Grassmann 
matrices. The bosonic NxN Hermitian matrix F is an external field, e and e are independent, 
anti-commuting Grassmann coordinates and the covariant derivatives on the supersurface are 
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which generate the infinitesimal supersymmetry transformations. The integration measure in 
(ITA21I ) is 

d$ = d(p dip dip dF (7.125) 

and, as always, the complex-conjugation convention for the Grassmann numbers implies that 
V* = -V. 

The statistical model above is the D = direct simplification of the Marinari-Parisi model 



103|| which is the standard form for a quantum field theory with Poincare supersymmetry in a 
superspace formulation. It describes super-triangulations of super-surfaces with weights that 
are reparametrization invariant in parameter space and supersymmetry invariant in target 
space. More precisely, the weights here associate to each triangulation a factor proportional 
to the free propagator of the superfield ( [7. 1231 ) (the product of functions of the relative super- 
distances of all contiguous triangles which are therefore invariant under super-rotations) and 
the supersymmetric string theory (in a non-existent embedding space) is then described by 
summing over all possible topologies of these triangulations and integrating the corresponding 
weights in the superspace. For non-Gaussian super-potentials in (|7.122|) , it can be shown 



103|| that there are critical points where the correlation length becomes much larger than the 
fundamental length of the discretization of the superstring theory. This can be worked out 
by first performing the Grassmann integrals over Q and Q in (|7.122| ) to get 

Ew.z[*] = tr + W'(0)F + V'>V"(0)V' + V^V>V"(0)) (7.126) 

The integration over the auxilliary field F is thus Gaussian and can be carried out explicitly. 
Then the partition function ( [7.121|) becomes [|103|| 



J MP 



- \-^\ f dW{<p) dW{<p) j d'W{<P) , j, d'W{<P) \ 
^d^d^expj^tr [-^^^-^^^^-^^^^) 



(7.127) 



Notice that when the superpotential W($) is quadratic in $, the action in ( |7.127] ) re- 



duces to that considered for the meander problem above. More complicated, non-Gaussian 
superpotentials lead to a more complicated supersymmetry among the bosonic and fermionic 
components which results in a critical behaviour for the statistical system described above. 
In the above superspace formulation in terms of superfields, the model is readily general- 
ized to higher- dimensional matrix fields. The matrix model ( [7.127| ) is invariant under the 
infinitesimal supersymmetry transformations 

S^ = eiP + iPe , 6iP = -ieW(0) , 6iP = -^eW(0) (7.128) 

Again, the supersymmetric matrix model is trivial, in that the partition function is inde- 
pendent of the form of the superpotential W. In the present case this follows from using the 
invariance of the model (|7.127|) under the simultaneous U{N) transformations — > U(pW , 
ip — > UipU^ and ip — > UipW to write the partition function in terms of the eigenvalues of 
the Hermitian matrix 0, and then integrating out the fermion fields |^ . From this it follows 



from differentiating the partition function with respect to a set of couplings gk in the usual 
way that any integrated supersymmetric correlator vanishes, 

de de tr = (7.129) 
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Thus the supersymmetric matrix model free energy itself exhibits no critical behaviour. But 
a critical model is obtained as before by examing the correlators of the Hermitian matrix 
field 0. The result of integrating out the fermions above shows that these correlators are 
determined as the Hermitian Gaussian correlators of the inverse of the map (j) W'(0) (i.e. 
the Nicolai map), 

( tr 0") = ({^ tr \W''\(p)\^Jj (7.130) 

Despite the triviality of the supersymmetric partition function, such correlation function do 
display non-trivial critical behaviour. The diagrammatics of the matrix theory for such corre- 
lation functions can be written down and shown to coincide the sort of super-discretizations 
mentioned earlier. Furthermore, the (planar) scaling limit reproduces the correct string sus- 
ceptibility exponent of the Liouville theory prediction for (non-unitary) D = —2 matter fields 
coupled to two-dimensional quantum gravity p9| . 



As mentioned before, the supersymmetry of a matrix model always leads to a dimen- 
sional reduction, so that the supersymmetry of the matrix theory does not coincide with the 
supersymmetry of the supergravity or superstring theory [□, BU|. This fact was originally 



exploited by Marinari and Parisi |[103|| who considered time-dependent matrix fields above 
(so that the partition function describes a supersymmetric matrix quantum mechanics). The 
Hamiltonian which follows from quantizing this one- dimensional system then has the stan- 



dard form of a Witten-type supersymmetric quantum mechanics | 134|| (in our D = case 



above, the Hamiltonian vanishes and the supersymmetry charges generating the infinitesimal 
supersymmetry transformations of the theory coincide with the covariant derivatives (|7.124| )). 



The dimensional reduction mechanism in this D = 1 model comes from the stochastic quan- 
tization method associated with regarding the bosonic sector Hamiltonian as the forward 
Fokker-Planck Hamiltonian in the Langevin time-evolution equation . However, as for the 



pure adjoint fermion matrix models, the supersymmetric theory is always well-defined and no 
ambiguities occur, in contrast to the standard D = Hermitian matrix models which exhibit 
non-perturbative ambiguities, instabilities and violations of the Schwinger- Dyson equations 



36, 115 | (as discussed previously). For oo, the expectation values in the supersym- 

metric matrix model coincide with those of the ill-defined D = 0, m = 2 bosonic theory, 
and moreover the genus expansion is completely reproduced. Thus the dimensionally reduced 
Fokker-Planck supersymmetry can be taken as an alternative definition of the D = bosonic 
matrix theory. 

Thus, as with the adjoint fermion models that we have extensively studied throughout this 
Review, supersymmetric matrix models define better behaved random surface theories than 
the conventional bosonic matrix models and reproduce features similar to these cases. Besides 
this feature, it would be interesting to develop these supersymmetric models to describe non- 
critical superstring theories and models of dynamical supersymmetry breaking. The D = 1 
Marinari-Parisi model provides a good example of the latter mechanism which is associated 
with the phase transition and the double- scaling limit, and which arises from the dimensional 
reduction mechanism discussed above, i.e. the supersymmetry of the matrix model is broken 
leaving an effectively non-supersymmetric model. 

However, the main obstacle in arriving at a matrix model representation of supergravity 
and superstrings is precisely this dimensional reduction. The critical string susceptibility 
index for a superstring embedded in a D-dimensional space as calculated from super-Liouville 
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7if; = -{D-l-Ml-D){Q-D)\ (7.131) 



theory ||123|| is 

(-5) 

4 

It is not known at this stage how to relate superstring theories to supersymmetric matrix mod- 
els and therefore to geometrical descriptions of discretized super-surfaces. The only succesful 
discrete approach to date to 2-dimensional supergravity coupled to minimal superconformal 
models are the super-eigenvalue models introduced in 0. These models reproduce the super- 
Virasoro algebra associated with the Neveu-Schwarz sector of the superstring theory. The idea 
is to use the prominent role played by the Virasoro constraints of the usual Hermitian matrix 
models to construct a partition function for Grassmann even and odd variables (the "super- 
eigenvalues" ) which obeys a set of super- Virasoro constraints. To formulate these constraints, 
one must introduce, in addition to the usual coupling constants gt-, a set of Grassmann- valued 
couphngs Many of the well-known features of matrix models, such as the genus ex- 

pansion, loop equations and loop insertion operators, have supersymmetric counterparts in 
this formalism. The problem of solving a super-eigenvalue model can be reformulated as a set 
of superloop equations obeyed by superloop correlators. The double-scaling limit was further 
studied in [Q, and the complete iterative solution based on the moment technique of (see 



Subsection 3.4) was carried out by Plefka in [|12(]| , |121|| . For the connections between = 1 



super-Liouville amplitudes and super-eigenvalue correlators, see | |137 



There is, unfortunately, no known connection between the super-eigenvalue model and any 
type of super-matrix model. The idea to determine whether or not a super- Virasoro algebra 
can be realized in a super-matrix model, in terms of a set of differential operators in the 
coupling constants of a general matrix potential, is to construct matrix generators analogous 
to the matrix super-charges ( [7.1001 ) which generate, as — > oo, the super- Virasoro algebra 
associated with the Ramond sector of superstring theory in a D = dimensional target 
space. This problem has been discussed somewhat by Makeenko in [^]. In order for such 
constructions to work, though, the symmetry of the matrix model should be reduced by 
modifying the potential so that a larger class of Feynman graphs (beyond the tree-like, cactus 
diagrams) survives the perturbative expansion. 



8 Conclusions 

We have shown that a novel class of matrix models with fermionic degrees of freedom are for- 
mally solvable by the method of loop equations, even though they do not admit the standard 
Riemann-Hilbert problem [^, |109| , |111|| which arises for the statistical distribution of eigenval- 
ues in the more conventional matrix models. The solutions of the loop equations for fermionic 
matrix models are completely analogous to those of Hermitian and complex matrix models 
T^ , and they coincide at each order of the -^-expansion with those of a Hermitian matrix 



model with a generalized Penner interaction. However, the observables in the fermionic case 
are always well-defined and convergent quantities, contrary to Hermitian matrix models, and 
they may have an interesting interpretation as dynamically triangulated theories of random 
surfaces. A price to pay for this good convergence is the larger degree of complexity of the 
equations which completely determine the set of correlators of these models. This complexity 
leads to a more complicated phase structure of the models and results in a critical behaviour 
which is non-characteristic of the usual matrix models. It would be interesting to give the 
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fermionic nature of these matrix models an interpretation in terms of worldsheet discretiza- 
tions in string theory. One step along these lines could involve examining the continuum 
limit of the fermionic models in relation to their novel Virasoro and W^-algebra constraints to 
determine precisely what the double-scaling limit continuum theory is . 

The D > dimensional models can only be explicitly solved for Gaussian potentials, since 
higher degree potentials lead to large degree algebraic equations and even when their solutions 
are explicitly known (e.g. for a Penner-type potential) they are rather obscure and are not 
at all informative. It would be interesting to develop other methods to solve these models, 
such as an explict formula for the Itzykson-Zuber integral ( [4.26| ) with Grassmann-valued 
matrices, in order to explore the critical behaviour associated with higher order potentials 
in these cases. This critical behaviour might provide new insights into quantum gravity in 2 
and higher dimensions, and especially for the D > 1 dimensional models which might induce 
QCD. In these latter models the loop equations are even more complex since one doesn't 
know right away what potential the ansatz ( |6.41| ) is associated with. Moreover, the extended 
loop correlators such as ( |6.6| ) can only be found from a separate set of Schwinger-Dyson 
equations for the extended objects. Contrary to the Kazakov-Migdal model, however, these 
higher-dimensional models do have a first order phase transition in the Gaussian case which 
is associated with the restoration of the area law. Furthermore, the fermionic nature of the 
inducing fields in these cases makes the adjoint fermion matrix model resemble ordinary QCD 
in many respects. It would be interesting though to develop some other formalism, such as 



a master field formulation |9^, ^ p.09| , |111|| , for solving these models in the weak coupling 
phase where the dynamics of extended objects are non-trivial. 

Insights into the nature of the solutions of the loop equations for these higher dimensional 
fermionic matrix models could also come from further investigations of the supersymmetric 
theories. It would be interesting to generalize these reduced matrix theories to other combi- 
natorial problems, especially those relevant to superstring theory. As always the problem is 
the dimensional reduction which appears in these models, so that the supersymmetry of the 



matrix model does not represent the same supersymmetry of the superstring theory |30 
However, a supersymmetric model in D > dimensions could be relevant to a statistical 
theory of discretized super-Riemann surfaces. As in the case of the pure matrix theories, 
modified supersymmetric vector models could provide huge insights into these problems. 
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